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productionphononOptical

vectorwaveawithphononsopticalofemissionofrateThe q energyand h_ωq at(assumed
temperature T ph wavevectoratholesorelectronsby) k is

W [ k → (k − q ]) =
h_

2π___  M  2 [ N q (T ph) + ]1 δ ( E k − q − E k + h_ωq (1.1),)

where N q (T) = e[ h_ωq kT/ − ]1 − 1 andphonons,forfunctionPlancktheis

 M  2 =
q 2

2π e 2 h_ωq_________


 ε∞

1___ −
ε0

1___




(1.2)

Froofelementmatrixtheis .. InForhamiltonian.hlich’s 0.53Ga0.47 staticandopticaltheAs,
(arepermittivities ε∞ , εs ) = isenergyphononLOand)13.73,11.36( h_ωq = meV.32.7

temperatureaatareelectronsthatAssume T e distributed,Fermiand f k = f (εk − εF where,)

f (ε) =
1 + eε

1_______ , εF ≡
kT e

E F____ , εk ≡
kT e

E k____ . (1.3)

bygivenisemissionphononofrateThe

R em (q) = (22 π) − 3 ∫ d3k f k 1( − f k − q ) W [ k → (k − q ]) . (1.4)

Denoting k̂ . q̂ = cos ≡θ u and q ω ≡ √2mωq /h_ havewe,

δ ( E k − q − E k + h_ωq ) =
q
1__

dE k

dk_____ δ


 2 qk

q 2 + qω
2

________ − u




(1.5);

(bandisotropicandparabolicaFor Eq = h_2q 2 /2m functionarbitraryanand) F (E k − q)

∫ d3k F (E k − q) δ ( E k − q − E k + h_ωq ) =
h_2 q
2π m_____

0
∫
∞

k dk
− 1
∫
1

d Fu (k 2 + q 2 − 2kqu) δ


 2 qk

q 2 + qω
2

_______ − u




=
h_2 q
2π m_____

k [+]

∫
∞

k d Fk ( k 2 − qω
2 where,) k [+] (q) ≡

2 q

q 2 + qω
2

________ .

identitiestheandequationthisUsing

f (ε 1[) − f (ε β− ]) =
e β − 1

f (ε β− ) − f (ε)______________ ;
γ
∫
∞

f (ε β− d) ε = ln 
 1 + e γ−β 

 (1.6),

formtheinrateemissiontotaltheobtainwe

R em (q) =
h_

kT e____


 q

q ω___




3

[ N q (T ph) + ]1 αω I 1 (q (1.7a),)

I 1 (q) ≡
ε[+]

∫
∞

dε f (ε − εF 1[) − f (ε − εF β− ]) =
e β − 1

1_______ ln



 eε[+] − εF + 1

e β + eε[+] − εF
____________






(1.7b),

where ≡β
kT e

h_ωq____ , αω ≡
2 h_ωq

q ω e 2
______



 ε∞

1___ −
ε0

1___




(1.8),

and E [+] (q) ≡
2m

h_2k[+]
2

______ , ε[+] (q) =
4Eq kT e

( Eq + h_ωq ) 2
____________ (1.9),

thatNote k [+] (q ω) = q ω and Eq ω
= h_ωq thatso, ε[+] (q ω) = h_2qω

2 /2mkT e β= .
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absorptionphononOptical

vectorwaveawithphononsopticalofabsorptionofrateThe q energyand h_ωq at(assumed
temperature T ph wavevectoratholesorelectronsby) k is

W [ k → (k + q ]) =
h_

2π___  M  2 N q (T ph) δ ( E k + q − E k − h_ωq (2.1),)

bygivenisabsorptionofratetotaltheensembleFermi-DiractheinelectronsFor

R ab (q) = (22 π) − 3 ∫ d3k f k 1( − f k + q ) W [ k → (k + q ]) . (2.2)

The δ nowis(1.5)replacingidentity-function

δ ( E k + q − E k − h_ωq ) =
q
1__

dE k

dk_____ δ


 2 qk

q 2 − qω
2

________ − u




. (2.3)

overIntegration u overintegrationtheforlimitlowerfollowingthetoleads k :

k [−] (q) =
2 q

 q 2 − qω
2 ___________ , E [−] (q) =

4 Eq

( Eq − h_ωq ) 2
____________ (2.4)

toreduces(2.2)integraland

R ab (q) =
h_

kT e____


 q

q ω___




3

αω N q (T ph) I 2 (q (2.5a),)

I 2 (q) ≡
ε[−]

∫
∞

dε f (ε − εF 1[) − f (ε − εF β+ ]) =
e β − 1

e β
_______ ln




 eε[−] − εF + e β−

eε[−] − εF + 1_____________





(2.5b),

where ε[−] (q) ≡
kT e

E [−] (q)_______ thatNote. ε[+] (q) − ε[−] (q) =
kT e

h_ωq____ (2.6)

e[identitiestheUsing β − ]1 − 1 ≡ N q (T e eand) β e[ β − ]1 − 1 ≡ 1 + N q (T e rewritecanwe,)
form:thein(2.5)and(1.7)Eqs.

R em (q) =
h_

kT e____


 q

q ω___




3

αω [ N q (T ph) + ]1 N q (T e ln)



 eε[+] − εF + 1

e β + eε[+] − εF
____________






(2.7a),

R ab (q) =
h_

kT e____


 q

q ω___




3

αω N q (T ph [) N q (T e) + ln]1



 eε[−] − εF + e β−

eε[−] − εF + 1_____________





. (2.7b)

forcheck:sanityA T e = T ph balance,mustratesthe R ab (q) = R em (q case.theindeedisThis.)
☛ (noteidenticalarelogarithmstheofargumentsthatCheck =β ε[+] − ε[−] ). ✌

ratenetThe R (q) ≡ R em − R ab form:theofis

R ( q , n , T e , T ph ) = [ N q (T e) − N q (T ph ]) R sp (2.8a),

R sp ( q , n , T e ) ≡
h_

kT e____


 q

q ω___




3

αω ln




1 +
eε[+] − εF + 1

e β − 1___________




. (2.8b)

where R sp theis spontaneous rate.emission
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powerheatingSteady-state

modephononopticalaninequationbalanceThe q form:theofis

dt

dN q_____ = R ( q , n , T e , T ph ) −
τop → ac

N q (T ph) − N q (T)_________________ (3.1),

where τop → ac τ= op → ac (T Itsphonons.acousticintophononsopticalofdecayofratetheis)
temperaturelatticetheondependence T absorptionandemissionstimulatedthefromresults

processes1 energyofphononsacoustictwoof h_ωq
(1) and h_ωq

(2) (where, h_ωq
(1) + h_ωq

(2) = h_ωq ),

τop → ac (T)
1__________ =

τop → ac (0)
1 + N q

(1) + N q
(2)

______________ ∼∼ τop → ac (0)
1__________





1 +
e h_ωq /2kT − 1

2___________




(3.2),

approximatelyisproductsdecaytheofenergythethatassumedisitwhere h_ωq / .2

steady-state:ainhavewe(2.8a)Eq.Using

R sp [ N q (T e) − N q (T ph ]) =
τop → ac (T)

N q (T ph) − N q (T)_________________ (3.3),

temperaturethefindwewhence T ph ( q , n , T e , T wavevectoratphononsopticalof) q
densityofelectronswithinteracting n temperatureeffectiveand T e numberexcessThe.

N q
exc ≡ N q (T ph) − N q (T by:givenisphononstheseof)

N q
exc =

1 + R sp τop → ac

[ N q (T e) − N q (T ]) R sp τop → ac_____________________________ (3.4),

where R sp ( q , n , T e and(2.8b)Eq.bygivenis) τop → ac τ= op → ac (T (3.2).Eq.by)

cmpersystemelectronicthetosuppliedpower,totalthestatesteadyaIn 3 powertheequals,
P ( n , T e , T lattice:thetodissipated)

P =
τop → ac

h_ωq_______
q
Σ N q

exc =
2π2 τop → ac

h_ωq__________
0
∫
∞

q 2 N q
exc d .q (3.5)

temperatureaatelectronsmaintaintonecessarypowerthegives(3.5)Equation T e theirgiven,
density n temperaturelatticetheand T dependencetheconstructto(3.5)usecanWe.
P ( T e , T ,n equivalently,or,) T e ( P ; n , T .)

timerelaxationenergyeffectiveandefinetoconvenientbemayIt τε carriers:for

n
P___ ≡

τε

k ( T e − T )__________ (3.6),

τε

1___ =
τop → ac

1_______
k ( T e − T )

h_ωq__________
n
1__

q
Σ N q

exc = (3.7)

=
q
Σ kn ( T e − T )

N q (T e) − N q (T)________________
1 + R sp τop → ac

h_ωq R sp______________ .

general,In τε ondependmay n , T e and, T ofconceptThe. τε highatusefulquitebecomes
fixedaforwhentemperatures,lattice T ofrangewideainand T e timerelaxationenergythe

samethe(atpresentarecarriersoftypebothWhenconstant.practicallyis T e definemaywe)
an "average" τ

_
ε power:dissipatedtotaltheoftermsin P /(n + p) = k (T e − T)/τ

_
ε ofBecause.
wavenumber.higherofphononswithtermsspeakingonareholesmass,largertheir

Therefore, τ ε
h << τ ε

e forand n = p 2havewe /τ
_

ε = 1/τ ε
e + 1/τ ε

h ∼∼ 1/τ ε
h .

__________________

Klemens,G.P.1. " phononsopticalofdecayAnharmonic ", Rev.Phys. 148 (1966).845-848pp.,
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1Figure withcarriershotofInteraction.
showfigurestwoTopK.77atlatticethe

temperaturephononopticalthe T ph

(left)holeswithinteractionfromresuling
at(right)electronsand T e = K.160

Assumed τop → ac (0) = correspondingps,20
to τop → ac K)(77 = ps.16.86

perpowerthegivesrighttheonFigure
statesteadyamaintaintonecessarycarrier

givenaat T e timesrelaxationEvidently,.
τ ε

e and τ ε
h ondependthemselves T e.
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relationapproximatetheusecanweoverheating,hightoonotandtemperaturelatticeenoughhighFor

N q (T e) − N q (T) ∼∼
h_ωq

( T e − T )_________ for, k (T e − T) <∼ kT ∼ h_ωq (4.1),

formexplicitanintemperaturephononthedownwritetouspermitswhich

T ph (q) = T +
1 + R sp τop → ac

( T e − T ) R sp τop → ac___________________ . (4.2)

timerelaxationenergyeffectiveThe τ ε becomes(3.6)bydefinedcarriersfor

τ ε

1___ =
2π2 n

1_____
0
∫
∞

1 + R sp τop → ac

q 2 dq R sp______________ =
τop → ac

1_______
2 kF

3

3____
0
∫
∞

1 + R sp τop → ac

q 2 dq R sp τop → ac________________ (4.3),

where k F = 3( π2 n ) 1/3 vectorwavephononaidentifyclearlycouldweIf. qeff thatsuch R sp τop → ac >> 1
for q < q eff and R sp τop → ac << for1 q > q eff simplified:furtherbecould(4.3)Eq.then,

τ ε

1___ =
τop → ac

1_______
2 kF

3

qeff
3

____ . (4.4)

wavevectorThe q eff arephononsopticalwherezoneBrillouintheofvolumethedetermines " speakingon
terms" forexpressionapproximateanhavetonicebewouldItgas.electron/holethewith q eff termsin

(of k F , qω , qT where,) h_2qT
2 /2m = kT e .



BottleneckPhonononNotes 1993Luryi,S.-5-

�

�

�

�

0.0 0.5 1.0 1.5 2.0 2.5
300

325

350

375

400

 P
ho

no
n 

T
em

pe
ra

tu
re

 [K
]

InGaAs, holes

 3.2x1017

 1.0x1018

 3.2x1018

 1.0x1019

 Phonon Wavenumber [107 cm-1]

Te= 400 K
T0= 300 K

� � � �

�

�

�

�

0.00 0.25 0.50 0.75 1.00 1.25 1.50
300

325

350

375

400

 P
ho

no
n 

T
em

pe
ra

tu
re

 [K
]

InGaAs, electrons

 3.2x1017

 1.0x1018

 3.2x1018

 1.0x1019

 Phonon Wavenumber [107 cm-1]

Te= 400 K
T0= 300 K

� � � �

2Figure withcarriershotofInteraction.
showfigurestwoTopK.300atlatticethe

temperaturephononopticalthe T ph

(left)holeswithinteractionfromresuling
at(right)electronsand T e = K.400

Assumed τop → ac (0) = correspondingps,20
to τop → ac K)(300 = ps.6.12

perpowerthegivesrighttheonFigure
statesteadyamaintaintonecessarycarrier

givenaat T e dependenceThe. P ( T e − T )
rangeentiretheinlineardegreehighatois

300 < T e < theenablesThisK.600
thattimesrelaxationenergyofdefinition

concentration.carriertheononlydepend




�

�

�

10

100

 Power per carrier (meV/ps)

InGaAs

 e: 1019

 e: 1018

 h: 1019

 h: 1018

10-1 100 101 102

 C
ar

rie
r 

te
m

pe
ra

tu
re

 T
e 

- 
T

 (
K

)

T=300 K








































�

�

�

�

�

�

�

�

�

�

�
�
�
�

�

�

�

�

�

�

�

�

�

�

�
�
�
�

�

�

�

�

�

�

�

�

�

�

�
�
�
�

�  elec

  hole

0.0

0.2

0.4

0.6

0.8

1.0

 E
ne

rg
y 

re
la

xa
to

n 
tim

e,
 p

s

x 0.1

InGaAs

1018 1019

 Carrier concentration, cm-3

T0 = 300 K�

�

�

�













3Figure times,relaxationEnergy. τ ε
e , τ ε

h ,
and τ

_
ε in(3.7)Eq.toaccordingcalculated,

rangetemperaturecarrierthe
350 < T e < ofvaluesTheK.550 τ ε are

ofindependentpractically T e range.thisin


