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NOTES/DOS/note.#

gaselectron2DaindensityparticleVolume

andshapearbitraryofwellquantumatoconfinedgaselectron2-dimfreeaConsider
wavenumber2DthebylabeledareeigenstatesThethickness. k indexsubbandthe, n theand

spin s :

Ψn , s , k (R) χ= s φn (z e) i k . r (1.1),

where R = (z , r functionswaveThe.) φn potentialtheofshapeactualthebydeterminedare
normalized,assumedbewillfunctionsThesewell.

∫ φn
∗ (z ) φn (z d) z = 1 . (1.2)

statetheinenergyelectronThe Ψn , s , k bygivenis

En , s , k = En +
2m

h_2k2
_____ ≡ En + E k (1.3),

lifted.notisdegeneracyspinthethatsofield,magneticnoassuming

temperaturefiniteaAt T bygivenisvolumeunitperdensityelectronthe,

ρ (R) =
n , s , k
Σ
statesocc.

Ψn , s , k
∗ (R) Ψn , s , k (R)

=
s , n
Σ ∫

(2π)2
d2k_____ Ψn , s , k

∗ (R) Ψn , s , k (R) f (En , s , k − E F (1.4),)

where E F andlevel,Fermitheis f (E function,Fermitheis)

f (E ) ≡
1 + eE ⁄kT

1_________ −=
dE
dΦ____ , ≡Φ kT ln


1 + e

−
kT
E___ 

 . (1.5)

oversummationtheandintegrationangularthePerforming s havewe(1.4),Eq.in

ρ (R) =
n
Σ φ n (z )  2

π h_2
m____

0
∫
∞

dE k f (E k + En − E F)

=
n
Σ φ n (z )  2

π h_2
m____ Φ (En − E F) . (1.6)

tocorrespondingsubbandsthatmeansThisonly.subbandoneofcasethetospecializeusLet
n = 2,1, ... occupied,notare En − E F >> kT by:givenisdensityelectronThe.

ρ (R) ρ= 0 (z , r) φ= 0 (z )  2

π h_2
m____ Φ (E 0 − E F) . (1.7)

The z thewhilesharp,is(1.7)independence r absent.speaking)(strictlyisdependence
thatassumecanweHowever, ρ depends "adiabatically" ofplanethewithinpositiontheon

2DEG – ondependencethethrough r differencetheof E F − E 0 ≡ h_2kF
2 ⁄2m where, kF theis

thethatmeansassumptionadiabaticThesubband.lowesttheofwavenumberFermi
(lengthcharacteristic ∇ ln kF )−1 invariationsin-planeof kF localizationthethanlargermuchis

theinlength z direction.

ofdeterminationaccurateanininterestedreallynotareweproblemsofvarietyaIn ρ (z ,)
ofvariationsmooththeinonly ρ (r quantumnarrowaassumetofreearewecase,thisIn.)

thicknessofwell d takeandshape,unspecifiedand φ (z )  2 = 1⁄d 0andwelltheinside
outside.



----

statisticsFermionNotes 1991Luryi,S.-2-

relationEinstein

gaseselectron2Dseveraldescribingasviewedbecan(1.6)Equation ρn Regardingparallel.in
ofeachendowcanwescattering),intersubbandtheneglecting(i.e.,independentasgasesthese

subbandsthe n mobilityownitswith µn diffusivityand Dn eachinfluxdrift-diffusionThe.
form:theofissubband

e ρn µn Fn + De n ρ∇ n (2.1)

where ∂⁄∂=∇ r andgradient2Dtheis Fn field,in-planeeffectivetheis

e Fn ∇≡ En (2.2)

subbandtheinacting n general).insubband,eachforsamethebetohavenotdofields(these

coefficientsThe µn and Dn (2.1)fluxthefororderinrelationEinsteinanbyconnectedbemust
subbandthedroppingexplicitly,relationthisdownwriteusLetequilibrium.invanishto

brevity.forindices

De µ= ED , ED
− 1 ≡

d E F

lnd ρ______ . (2.3)

Proof:_____ equilibriumIn ∇ E F = 0 ofvariationtheand, ρ ofthattodueis E 0 Therefore,only.

=ρ∇
∂E 0

∂Φ (E 0 − E F)___________ ∇ E 0 −=
∂E F

∂Φ (E 0 − E F)___________ ∇ E 0 . (2.4)

expressionexplicittheSubstituting(2.3).obtainwe(2.4),and(2.2)Eqs.usingandzerobeto(2.1)Letting
for(1.5) Φ have:we,

ED =
f (E 0 − E F)
Φ (E 0 − E F)__________ = kT


 1 + e

− (EF − E 0)⁄kT 
 ln


1 + e

(EF − E 0)⁄kT 
 . (2.5)

casedegeneratetrulytheIn E F − E 0 >> kT the, " energydiffusion " ED ∼∼ E F − E 0 nondegeneratetheIn.
case, E F − E 0 << kT hasone, ED ∼∼ kT .

2Dfrom3D

statesofsetcompleteanyand(1.6)Eq.Using φn 3Dforformulaefamiliarthederivecanwe,
wavesplaneexample,forTake,statistics. – inmotionfreetocorresponding z anddirection

uniformtherefore ≡ρ n reads(1.6)equationThen.

n =
π h

_2
kTm_____

− ∞
∫

+ ∞

2π
dk___ ln



 1 + e kT

1___




EF −
2m
h_2k2
____







 = N C F 1⁄2 (η (2.6),)

where ≡η
kT
E F___ , ≡ξ e η , N C =

4
1__



 π h_2

2 kTm______




3⁄2

(2.7),

integralFermitheand F 1⁄2 (η formtheofis)

F 1⁄2 =
√π

2___
0
∫
∞

ln

 1 + e −η x 2 

 dx =
√π

2___
0
∫
∞

ln

 1 ξ+ e − x 2 

 d .x (2.8)

familiarmorethetoparts)byintegrating(checkequivalentis(2.8)Equation

F 1⁄2 (η) =
√π

2___
0
∫
∞

1 + e x η−
x 1⁄2 dx_________ . (2.9)
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integralsFermi

by:definedareintegralsFermithegeneral,In

Fs (η) =
Γ (s + 1)

1________
0
∫
∞

1 + e x η−
x s dx_________ =

Γ (1 + 1⁄k )
1_________

0
∫
∞

ln

 1 ξ+ e − xk 

 dx (3.1),

Γ (n ) = (n − !1) Γ



n +

2
1__





=
2n

√π___ (2n − !!1) Γ


 2

1__ − n




= (−)n

(2n − !!1)
2n √π_________

arbitraryforvalidisrelationrecurrencefollowingThe s :

d η
d Fs_____ = Fs − 1 . (3.2)

2.5)Eq.in(asexplicitlyevaluatedisintegralFermiorderzerothThe

F0 = ln

 e η + 1


 (3.3),

henceand Fs integerallforfunctionselemenatrythroughexpressedbecan s < example,for;0
F− 1 = (exp[ η− ) + ]1 − 1 (largeFor. η >> negative)1 η (expequalintegralsFermiall, η ,)

indextheofindependent s positivelargeFor. η isformasymptoticthe,

Fs (η) =
Γ (s + 2)

η s + 1
________





1 +
6 Γ (s ) η2
π2 Γ (s + 2)__________ + ...





. (3.4)

theexpandingexample,Forconvenient.morebemayformlogarithmictheSometimes,
(forlogarithm ξ < findweintegrating,and(2.8)Eq.in1)

N C

n____ =
k = 1
Σ
∞

( − ) k +1

k 3⁄2
ξk
____ −ξ= 2 −3⁄2 ξ2 + 3 −3⁄2 ξ3 − ... (3.5)

forconverges(3.5)seriesThe ≤ξ fori.e.,,1 η < ofconcentration,thehand,othertheon;0
toeasyis(2.8)integralThevalue.levelFermianyfor(2.8)Eq.bydefinedwelliscourse,

variablesthechangetoisthisdoingofwaysimplestTheprocedure.Gauss’thebyevaluate
x = by with b 2 >> say,1 b = Then.5

N C

n____ =
√π

2 b___
0
∫
1

ln

 1 ξ+ e − b2y2 

 dy (3.6)

errortheresult:exactessentiallyobtainwequadraturegaussian25-pointaby(3.6)Evaluating
0.1rangethein < ξ < 10thanlessis25 −4 thanlessgivesquadraturegaussian5ptaEven%.

procedure,Joyce-DixonthethanbettermuchisThisrange.thisinerror%2

=η ln F +
k = 1
Σ Ak F k where, F ≡ F1⁄2 = n ⁄N C (3.7),

and A 1 = 3.53553 × 10 − 1 A 2 −= 4.95009 × 10 − 3 A 3 = 1.48386 × 10 − 4 A 4 = 4.42563 × 10 − 6 ,

aterror%16aboutgiveswhich βE F ∼∼ (where10 F1⁄2 ∼∼ 24).

atonlyGaussthanbetterisJoyce-Dixon F1⁄2 << goodawithknownisresultthewhere1
anyway:accuracy n ⁄N C = (exp η (whichseriesasymptoticJoyce-DixonofusefulnessThe.)

fordivergesactually ξ > foraccuratereasonablyistermsfewawithbut1 η <∼ nearonlyis10)
=ξ say,1 η <∼ givesitthatfacttheinonlybetoseemsconvenienceIts.1 η (F rather)

than F (η .)
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temperatureslowatStatistics

temperatures,lowatconcentrationbandofevaluationtheforconvenientbemayJoyce-Dixon
ofexpressionantoreducesevaluationthiswhere F oftermsin η (F casetheConsider.)

N D > N A = NK D Compensation. K < .1

haveWe n + n D = N D − N A where, n D donors,onconcentrationelectrontheis

n D =
1⁄2 e

β (ED − EF) + 1

N D______________ . (4.1)

Here E D < ofDeterminationedge.bandconductionthetorelativeenergy,donortheis0 F
equation:nonlinearfollowingthetoreduces

F =
N C

N D____




1 − K −
1 + 1⁄2 e

β ED η− (F)
1_______________





. (4.2)

Taking η (F iterations.fewain(4.2)tosolutiontheobtaincanwe(3.7),formthein)

GradingDegenerate

isbasenondegenerateatransistor)driftMoll’slater(anddiodedriftShockley’sIn
Thisimpurities.ofconcentrationvaryingexponentiallyanwithdopedinhomogeneously
ifachievedisfieldconstantThefield.constanti.e.bands,theofslopelinearainresults η
theInHBT’s.moderninasbasedopeddegeneratelyaConsiderdistance.withlinearlyvaries

largeoflimit η >> (3.4)Eq.fromhavewe1 F1⁄2 ∼∼ 4 η3⁄2⁄3 √π fieldconstantofconditiontheand
F asvarytoconcentration(hole)carriertherequires

p (x ) = p max 1( − x ⁄a ) 3⁄2 ,
a
1__ ≡

EL maxF

E maxF − E minF______________ (4.3),

where E maxF , E minF (dopinghighestofpositiontheatlevelsFermitheare x = ,0 p = p max )
(dopinglowestand x = L , p = p min thicknessofsectiongradedtheinfieldelectricThe). L of

isbasethe F ≡ ( E maxF − E minF )⁄eL against(4.3)approximationthecomparesbelowtableThe.
Assumedvalues.exact N V = 7.1018 .

β≡η E F F1⁄2 N V
. F1⁄2 (4.3)Eq.

1.88492E+187.82132E+181.117330.5
5.33137E+181.10295E+191.575641.0
9.79435E+181.50140E+192.144861.5
1.50794E+191.97660E+192.823722.0
2.10741E+192.52488E+193.606982.5
2.77026E+193.14128E+194.487553.0
3.49093E+193.82063E+195.458043.5
4.26509E+194.55810E+196.511574.0
5.08929E+195.34942E+197.642034.5
5.96065E+196.19095E+198.844215.0
6.87674E+197.07956E+1910.11375.5

7.83548E+198.01262E+1911.44666.0
8.83504E+198.98787E+1912.83986.5
9.87383E+191.00034E+2014.29057.0
1.09504E+201.10574E+2015.79637.5
1.20635E+201.21485E+2017.35508.0
1.32119E+201.32754E+2018.96488.5
1.43947E+201.44368E+2020.62409.0
1.56108E+201.56318E+2022.33119.5
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1.68593E+201.68593E+2024.084710.0
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grainspolySiinConfinement

temperatureZero Let: kT and kL surfaceFermiconduction-bandSitheofsemi-axesthebe
Sincerevolution).ofellipsoidanis(which E F = h_2kT

2⁄2mT = h_2kL
2⁄2mL thebetweenrelationthe,

atlevelFermitheandconcentrationcarier T = bydeterminedisbulkthein0

(2π)3

2 N C______
3

4π___ kL kT
2 = n , ☛ E F =

2 <m >
h_2

_______


 N C

3 π2 n______




2⁄3

(5.1),

where <m > ≡ ( mL mT
2 ) 1⁄3 and N C = conductionSitheinvalleysequivalentofnumbertheis6

band.

sideofcubea(assumedgrainconfiningainhand,othertheOn a theislevelFermithe)
levelsofsequencetheinenergyfilledhighest

En 1 , n 2 , n 3
=

2 mL a 2
π2 h_2

_______ ([ mL ⁄mT () n 1
2 + n 2

2 ) + n 3
2 ] ∼∼ [meV]3.76 × (5[ n 1

2 + n 2
2 ) + n 3

2 (5.2),]

assumedhavewewhere mL = m 0 = 5 mT and a = A100 ˚ .

degeneracy,valleytheandspinthe(includingdegeneraciestheirandlevelsfewfirstThe
N S × N C = 2 × are:)6

(5(meV)Energy n 1
2 + n 2

2 ) + n 3
2 Degeneracy

1141.36 1 × 12 = 12
1452.65 1 × 12 = 12
1971.45 1 × 12 = 12
2697.77 3 × 12 = 36
29109.1 2 × 12 = 24
34127.9 2 × 12 = 24
35131.6 1 × 12 = 12
41154.2 3 × 12 = 36
44165.5 1 × 12 = 12
46173.0 1 × 12 = 12
49184.3 1 × 12 = 12
50188.0 2 × 12 = 24
51191.8 2 × 12 = 24
54203.1 2 × 12 = 24
56210.6 1 × 12 = 12
59221.9 3 × 12 = 36
61229.4 2 × 12 = 24
65244.4 1 × 12 = 12
66248.2 4 × 12 = 48
69259.5 2 × 12 = 24
74278.3 5 × 12 = 60

temperaturefiniteaAt T ≠ betweenrelationthe0 n and E F becangeometryconfinedain
relation:basicthetoaccordingcalculated

n =
n 1 , n 2 , n 3

Σ N S N C f (En 1 , n 2 , n 3
− E F where,) f (E ) =

1 + (exp E ⁄kT )
1______________ . (5.3)

havewehandothertheonquasi-continuum,theFor

n = N C F 1⁄2



 kT

E F___




where, N C ≡
8

N C
.N S________



 π h_2

2 kTm______




3⁄2

. (5.4)

uncofinedandconfinedforconcnetrationcarriertheoffunctionsaslevelsFermicalculatedThe
page.nexttheonplottedaretemperaturesfiniteandzeroandgeometries



----

statisticsFermitheonNotes 1992Luryi,S.-7-

0 50 100 150 200 250
0

50

100

150

200

T = 0
poly Si

confined

unconfined

Carrier Density (per 100 A cube)

F
er

m
i L

ev
el

 (
m

eV
)

0 50 100 150 200 250
0

50

100

150

200

T = 300 K
poly Si

confined

unconfined

Carrier Density (per 100 A cube)

F
er

m
i L

ev
el

 (
m

eV
)

1Fig. aincarriersof(numberconcentrationcarriertheoffunctionsaslevelsFermi. A100 ˚ forcube)
volume.cubethetounconfinedorconfinedcarriers

0 50 100 150 200 250
0

50

100

150

200

poly Si

confined

unconfined

Carrier Density (per 100 A cube)

F
er

m
i L

ev
el

 (
m

eV
)

T = 0
300 K

mL mT = 5

2Fig. 1band1agraphsSuperimposed.


