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BoundaryGrainModelaatCoeficientsReflectionandTransmission

ofregionsseparatingsurfacetwo-dimensionalaas(GB)boundarygrainaregardshallwegeneral,In
deelectronthethanlargermuchissurfacethisofcurvaturelocaltheIforientations.crystaldifferent

canweelectronansuchoftransmissionthecalculatingofpurposetheforthenwavelength,Broglie
crystalstwoseparatingplaneaasGBtheregard – (R)rightand(L)left – waydifferentainrotated

GB.torespectwithfixedframe,coordinateatorespectwith

theinsurfacesisoenergeticwhichinGe,andSilikesemiconductorstoconfinedbewilldiscussionOur
ellipsoid.suchonewithinmovingelectronanConsiderrevolution.ofellipsoidsarebandconduction

operatorenergykineticelectronThe Ĥ operatorvelocitytheand V̂ bygivenare

Ĥ −=
2m
h_2

____ (M −1)αβ ∂α ∂β (A.1),

V̂ α −=
m
ih____ (M −1)αβ ∂β (A.2),

where ∂α ∂≡ /∂r α and M−1 formthehaswhichtensor,masseffectivenormalizedtheis

M−1 =





 0

0

m/m t

0

m/m t

0

m/m l

0
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ellipsoid,chosenaofaxesprincipalthetorespectwith m mass,effectivereducedtheis

m ≡
2ml + mt

3mtml________ (A.3),

and ml and mt antorespectWithrespectively.masses,effectivetransversetheandlongitudinaltheare
tensorrotatedtheframe,fixedarbitrary M−1 bygivenis

M−1 =





 c

d

a

c
_
a
_
d

b

c
_
c 






(A.4),

where

a ≡ Mxx = 1 ∆+ sin(3 2θ cos2 −φ (A.5a);1)

b ≡ Mzz = 1 ∆+ cos(3 2 −θ (A.5b);1)

c ≡ Mzx = Mxz = (3∆/ 2sin2) θ cos φ (A.5c);

d ≡ Mxy = Myx = (3∆/ sin2) 2θ 2cos φ (A.5d);

quantitiestheand a
_

and c
_

substitutionthebyobtainedare φ→φ
_

π= /2 φ− forexpressionsthein a and
c anglesTherespectively., θ and φ theofanglespolartherepresenttransformation,thespecifying,

parametertheandframefixedthetorelativerotationofaxisellipsoid’s ∆ ellipsoid’sthedescribes



-2-

excentricity:

≡∆
2ml + mt

mt − ml________ . (A.6)

itsthatwayasuchindefinedbewillframefixedthefollows,whatIn z planeGBthetonormalisaxis
theand zx vectorwaveawithmovingelectronanFormotion.electronofplanetheisplane q

= (qx , qz energykineticthe,) H (q componentvelocitynormaltheand) Vz (q bygivenare)

H (q) −=
2m
h_2

____ ( qa x
2 + qb z

2 + 2 qc xqz (A.7),)

Vz (q) −=
m
ih____ ( qb z + qc x ) . (A.8)

at(centeredellipsoidanwithinmovingelectronanConsider ki
(L) bycharacterizedisorientationwhose)

anglespolarthe θi
(L) and φi

(L) revolutionofaxisitsof ni
(L) awithGBtheonincidentiselectronThe.

vectorwave q = k − ki
(L) where, k theneitherprinciple,Inmomentum.crystalelectrontheis

GBthecalculateshallWeellipsoid.definiteatocorrespondwillwavesreflectedthenortransmitted
samethetobelongswavereflectedthethatassumptionsimplifyingaunderprobabilitytransmission

wave.incidenttheasellipsoid

form:approximatefollowingtheinwrittenbecancoefficienttransmissionoverallThe

Ti (q) =
j = 1
Σ
N

ξ (ki
(L) , k j

(R)) t ji (q ; ni
(L) , n j

(R) (A.9),)

where N theexpression,abovetheInzone.Brillouintheinellipsoidsequivalentofnumbertheis
coefficients t ji i.e.approximation’’,‘‘plane-wavetheincalculatedamplitudestransmissionthedescribe

takingwhileboundary,theofsidesbothonminimaequivalentoflocationstheindifferencetheignoring
orientationsdifferenttheaccount n j

(R) tosymmetrybyrelatednot ni
(L) ofcalculationdetailedaWithout.

differentbetweencouplingtheestimatetoimpossibleisitGBaofpresencetheinband-structurethe
coefficientsthebyexpressedvalleys, ξ indidweasassumetoapproximationgoodaprobablyisIt.

that(A.9) ξ≠ξ (q theincontainedisvectorwaveelectrontheondependenceentirethethati.e.,)
coefficients t ji calculate.toproceednowshallwewhich

reflectionofplaneanotisGBthegeneralinsincethatclearisItwave.reflectedthefirstConsider
withwavesplane(A.1),hamiltoniantheforsymmetry q1 = (qx , qz withand) q2 = (qx , − qz correspond)

theinGBofinvariancetranslationaltheofBecauseenergies.differentto x ofvectorwavethedirection,
formtheofiswavereflectedthe q(r) = (qx , qz

(r) where), qz
(r) ofconservationthebydeterminedis

energy, H (qx , q) = H (qx ,qz
(r) giving,)

qz
(r) −= qz − [2 c (L) b/ (L)] qx . (A.10)

angleanatoccursreflectionElastic β angleincidentthewithcoincidenotdoeswhich α 1).Fig.(cf.
thatfindseasilyone(A.5)and(A.10)eqs.From

tan =β tan +α
ml sin2θi

(L) + mt cos2θi
(L)

(ml − mt 2sin) θi
(L) cos φi

(L)
______________________ . (A.11)
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wavetransmittedaofvectorwaveThe q(t) ≡ (qx , qz
(t) ofconservationthebydeterminedagainis)

energy:

H (L) (qx , q) = H (R) (qx , qz
(t) (A.12),)

formtheofequationquadraticatoreduceswhich

[qz
(t)]2 + 2 qP z

(t) + Q = (A.13),0

determining qz
(t) −= P ± √P 2 − Q where,

P =
b (R)

c (R) qx______ ,

(A.14)

Q =
b (R)

qx
2 (a (R) − a (L)) − qz

2 b (L) − 2c (L) qxqz_______________________________ .

discriminantThe P 2 − Q animpliesthiswave-vectors;ofrangecertainfornegativebecomemay
thetoanalogousquiteisphenomenonThisboundary.theacrosswavetheofdecayexponential

index.refractivedifferentwithmediatwoofboundarytheatlightofreflectioninternalcomplete

vectors,wavereflectedandtransmittedtheofknowledgetheWith q(t) and q(r) thedeterminecanwe,
(transmission t (reflectiontheand) r ofpassagethetocorrespondingchanneltheforcoefficients)
thefromelectron i thetoGBtheofsideLtheonvalley-th j sideRtheonvalley-th – noassuming

theofcomponentnormaltheandwavefunctionthematchingbydoneisThispresent.channelsother
theinthat(notefluxofconservationtheexpressesconditionlattertheboundary;theacrossvelocity

problempresent  t  2 + r  2 ≠ takeweleft,thefromincidentassumedisparticletheSince).1

Ψ(L) (r) = (iexp q.r) + r (iexp q(r) .r ,)
(A.15)

Ψ(R) (r) = t (iexp q(t) .r) .

[conditiontheFrom Ψ(L) Ψ= (R) ]z = 0 usualthehasone, t = 1 + r matching,velocityThe.
[ V̂z Ψ(L) = V̂z Ψ(R) ]z = 0 formtheofequationaninresults,

tA − rB = C (A.16),

where

A (q ; ni
(L) , n j

(R)) = b (R) qz
(t) + c (R) qx (A.17a)

B (q ; ni
(L)) = b (L) qz

(r) + c (L) qx (A.17b)

C (q ; ni
(L)) = b (L) qz + c (L) qx (A.17c)

general,inthat,showtoeasyisit(A.10),eq.Using B −= C transmissiontheConsequently,.
coefficient t ji (q bygivenis)
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t ji (q) ≡ t (q ; ni
(L) , n j

(R)) =
A − B
2C_____ . (A.18)

aofexamplespecificaConsider Σ3 mostthethereforeandenergylowesttheiswhichboundary,twin
mirrorareRandLcrystalstwothestructurethisInSi.polycristallineinGBoccuringcommonly

transitionsConsiderplane.crystallographic[111]aiswhichplaneGBtheinanotheroneofimages
ofaxisellipsoid’sinitialtheofanglespolarThe2.Fig.inillustratedellipsoids,twothebetween

arerevolution θi
(L) , φi

(L) coswhere θi
(L) ±= (1/3)1/2 and φi

(L) ofplanetheby(determinedarbitraryis
oforientationspossibletheThenmotion).electron n j

(R) are

θ j
(R) θ= i

(L) and φ j
(R) φ= i

(L) π+ (j = ;1)

θ j
(R) θ−π= i

(L) and φ j
(R) φ= i

(L) (j = ;2)

θ j
(R) θ= i

(L) and φ j
(R) φ= i

(L) ± 2π/ (3 j = ;4)3,

θ j
(R) θ−π= i

(L) and φ j
(R) φ= i

(L) ± 2π/ (3 j = ;6)5,

forthatoutturnsIt j = findsone(A.5)eqs.Fromunity.equalscoefficienttransmissionthe21,

a (R) = a (L) = 1 +∆− 2∆ cos2 φi
(L) ;

b (R) = b (L) = ;1

c (R) −= c (L) √= 2 ∆ cos φi
(L) ≡ .c

givesthen(A.10)Equation

qz
(r) −= qz + 2 qc x (A.19),

findwe(A.14)eqs.fromand P 2 − Q = (qz − cqx)2 thatfacttheoflightinwhence,,
qz − cqx −= qz

(r) > findwe,0

qz
(t) = qz − 2 qc x −= .qr (A.20)

findwecoefficienttransmissionthefor(A.18)eq.intoexpressiontheseSubstituting

t ji = (1 j = 2)1, . (A.21)

valleystheintotransmissionthefordifferentissituationThe j = 3 − .6


