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EmissionSpontaneousandInduced .

abyinduced3,and2subbands2DbetweentimeunitperprobabilitytransitionThe
radiationmonochromatic E = eq (cos q.r Ω− t directiontheinpolarized) eq angleanat α theto

z (assumeaxis z bygivenisplane),2Dthetoperpendicular

w ind =
h_2
2π___ e 2 (E ⁄2)2 |z 32 |2 cos2 δα ( Ω−Ω 32 (1),)

where z 32 = < 3 |z |2 > havestatessubbandtheIfelement.†matrixtransitiondipolartheis
(lifetimesfinite τ3 and τ2 thereplacewethenetc.,phonons,impurities,withcollisionstodue)

δ function,lineshapenormalizedaby(1)Eq.infunction

γ(Ω) =
( Ω−Ω 32) 2 γ+ 0

2

γ0 π⁄______________ (2),

2where γ0 τ= 3
− 1 τ+ 2

− 1 maximum.halfatwidthfulltheis

radiationofdensityenergytheExpressing ρq modethein q quantaofnumbertheoftermsin
N q volumethein V

ρq ≡
2

ε E 2
_____ =

V

h
_Ω N q_______ (3),

formthein(1)Eq.re-writecanwe

w ind =
h_ ε V

πe 2 |Ω z 32 |2 cos2α__________________ N q δ( Ω−Ω 32) . (4)

orabsorption(eitherelectronperratetransitioninducedtotalthedescribes(4)Equation
modesinglethewithinteractionthetodueemission),stimulated q spontaneoustotalThe.

relation,Einsteinthebygivenismodesametheintorateemission w sp = w ind ⁄N q ,

w sp =
h_ ε V

πe 2 |Ω z 32 |2 cos2α__________________ δ( Ω−Ω 32) . (5)

theofmodesallover(5)Eq.summustwerate,emissionspontaneoustotalthecalculateTo
wavesTEallforsincecontribute,modesTMonlywaveguideslabaForresonator. =α .0

usLet ignore dispersionthetakeandstructure,QCLtheofnaturewaveguidethesimplicityfor
formsimplesttheinrelation =Ω c

_
q where, c

_
≡ c ⁄n

_
with n

_
theofindexrefractivethebeing

anyFormedium. q directiontheinmodeonechoosecanwe q × ẑ hasmodethis; =α and0
havewemode(orthogonal)othertheFornothing.contributes =α 90˚ θ− where, θ theis

betweenangle q theand z gives:summationThe-axis.

wsp
tot =

(2π)3
V_____ ∫ w sp (q d) q =

(2π)3
V_____

0
∫
∞

c
_3

Ω2 dΩ_______
h_ ε V

πe 2 |Ω z 32 |2
____________ δ( Ω−Ω 32)

0
∫
2π

dφ
0
∫
π

sin3θ dθ

=
3πh_ ε c

_3

e 2 Ω32
3 |z 32 |2

____________ ≡
h_

e 2 R 0______
3π
n
_
___

c 2

|z 32 |2 Ω3
_________ ≡

3
4α n

_
_____

c 2

|z 32 |2 Ω3
_________ (6),

where R 0 ≡ cµ0 = (cε0) − 1 = 376.73 Ω andspacefreeofimpedancetheis =α e 2 ⁄h_c finetheis
constant,structure α − 1 ∼∼ Enstein’sforexpressionstandardthewithagrees(6)Equation.137

A e.g.,see,medium,homogeneousaintransitionselectricdipolarofcasethefor-coefficient
" ElectronicsOptical " 150).p.Ed,(4thYarivby

__________________

ofdependencetheneglectedhaveweexpressionthisIn† w vectorwaveelectrontheon k thefromariseswhich,
bewoulddependenceThistransitions.intersubbandduringquasimomentum2Dandenergyofconservation

replacingbyexpressed δ( Ω−Ω 32 by) δ[ Ω−Ω 32 − h_ (k.q) ⁄m havinggaselectronanfordependencethisofInclusion].
ofdistributiona k atomictheofbroadeningDopplerthetoequivalententirelyisBoltzmann)ofFermi(e.g.,

gases.intransitions
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Gain.

theReplacing δ expressingand(2)functionlineshapetheby(4)Eq.in-function |z 32 |2 termsin
of wsp

tot τ= sp
− 1 putcanwe(6),Eq.ofhelpthewith w ind form:followingthein

w ind =
Ω2 V τsp

cos3 2 πα 2 c
_3

____________ N q γ(Ω) =
8πhν3 τsp

η c
_2

P γ(ν)___________ =
8πn

_ 2
h τν sp

λη 2 P γ(ν)___________ (7),

where ≡λ c ⁄ν andvacuuminwavelengththeis P [ W ⁄cm2 theInintensity.wavetheis]
relationstheusedhavewe(7)inequationsecond

P ≡ c
_

ρq = hν (N q ⁄V) c
_

γΩ (Ω) γν= (ν) ≡η cos3 2α (8)

"Classical" derivation follows:asgoes(7)resulttheof
Einsteintheas(6)Interpret A correspondingtheThencoefficient. B formtheofiscoefficient

B = A ×
8πh ν3

c
_3

_______ =
6 h_2 ε

e 2 |z 32 | 2
_________ ≡

8πh ν3 τsp

c
_3

__________ . (9)

densityenergythewithspectrumwhiteaFor ρ (ν transitionsinducedofratethefrequency,unitper)
bygiveniselectronper B ρ (ν interactiontheininterestedareweHowever,Einstein.byshownas,)

twothesereconciletowayonlyThe(7).undoubtedlyisresultcorrectthewheremode,singleawith
iscasethisindensityappropriatethethatwindmill)alikehands(wavingsaytoisresults

ρ (ν) ρ= q γη (ν) ?why (10)

Using w ind = B ρ (ν with) B and(9)bygiven ρ (ν (7)produces(10)bygiven) " prescribeddoctortheas ".

☛ essentiallycoefficientsEinsteintheofusethethatunderstoodclearlybeshouldIt modethefixes
notprobabilities,thewithdealsmethodtheIndeed,calculated.betoisabsorptionthewhichfor
anin(e.g.,modesdifferentbetweeninterferencetheaccountintotakenotdoeshenceandamplitudes,

whichapproachtheofInadequacypolarization).torespectwithdegeneratemodesmedium,isotropic
interpretingwhilerelationEinstein’suses A theas total ismodes,allintorateradiationspontaneous

Ginzburg,L.V.bydiscussedcarefully AstrophysicsandPhysicsTheor. 10.Chap.,

isvolumeunitperprobabilitytransitioninducedtotalThe w ind
. ( n 3 − n 2 )⁄d where, d theis

andperiodsuperlattice n 3 and n 2 theHence2.and3(levels)wellsindensities2Dtheare
bygivenisvolumeunitperabsorbedorgeneratedpower

hν . w ind
.

d

n 3 − n 2________ ≡
dx
dP____ (11),

theinflowspowerthethatassumedhavewewhere x with(alongdirection q theFrom).
relation,defining dP ⁄dx ≡ g P gainmaterialthefor, g [cm−1 we(11),and(7)Eqs.usingand]

forexpressionmicroscopicaobtain g form:thein

g (ν) =
8 νπ 2 τsp

η c
_2

_________
d

n 3 − n 2_______ γ(ν) =
3
π__

h_
e 2 R 0______

n
_

|η z 32 |2
________

d

n 3 − n 2_______ γν (ν) . (12)

gaindifferentialthedefineusLet gn′ by g = gn′ (n 3 − n 2)⁄d Taking. η ∼∼ gaindifferentialthe3
bygivenisfrequencypeaktheat

gn′ =
h_

e 2 R 0______
n
_

|z 32 |2
_______

γ0

Ω___ ≡ 4 απ
n
_

|z 32 |2
_______

γ0

Ω___ . (13)

Taking n
_

= ,3.4 z 32 = A15 ˚ , h_ =Ω andmeV,295 h_γ0 = value),zero-temperature(Faist’smeV11.3
findwe gn′ (0) ∼∼ 1.6.10 − 14 cm2 temperatures,finiteAt. γ0 thereforeandincreases gn′

0rangetheinmeasurementsluminescenceBydecreases. <∼ T <∼ thefoundFaistK,300
behavior:following

h_γ0 ;[meV] T :[K] h_γ0 = 11.3 + 1.94.10 − 2 T + 1.1.10 − 4 T 2 (14)
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equationsRate .

form:theofareQCLtheindynamicsphotonandcarrierthegoverningEquations

3:wellelectrons,
dt

dn 3_____ = J −
τ32

n 3____ −
τesc

n 3____ − c
_

Sg (15a);

2:wellelectrons,
dt

dn 2_____ =
τ32

n 3____ + c
_

Sg −
τ2g

n 2 − n g e ∆− 2g ⁄T e

_______________ (15b);

alloy:gr.electrons,
dt

dn g_____ =
τesc

n 3____ +
τ2g

n 2 − n g e ∆− 2g ⁄T e

_______________ − J (15c);

cm[photons, −2 ]:
dt
dS___ Γ= c

_
(g α− int) S −

τph

S____ (15d);

neutrality: n 2 + n 3 + n g = ng
)0( (16)

balance:energy
dt

dT e_____ −=
τε

ng
)0( (T e − T)____________ + (h_ ∆+Ω 2g) . J − h_Ω . c

_
Sg (17);

where n g cm(perconcentrationcarrierfreethedenotes 2 andalloy,gradedthein) ng
)0( the

ifindependent:notareequationsthesethatNote,period.perdopingtotal ng
)0( constant,is

(16).and(15b),(15a),Eqs.fromfollows(15c)Eq.then

insufficient)course,of(though,necessaryathatfirstNotesituation.statesteadytheConsider
isgenerationforcondition τ32 > τ2g ratiothethresholdtheatIndeed,. τ32 ⁄τ2g = n 3 ⁄n 2 > .1

generation:forconditionamplitudethegives(15d)Equation

g 0 = ( c
_

τΓ ph) − 1 α+ int . (18)

writecanwegain,thefor(12)expressionUsing

n 3 − n 2 =
gn′

g 0 d____ =
4 απ

1_____
|z 32 |2

n
_

g 0 d_______
Ω
γ0___ ≡ f (T e) . (19)

expectcanonegeneral,In(19).Eq.independencetemperatureeffectivetheNote γ0 beto
dependent both (latticetheofstatetheon T (energykineticelectrontheonand) T e shallWe).

permittingbothcontributions,twofromresults(14)Eq.dependenceempiricalthethatassume
considertous γ0 offunctiona T e ofnonparabolicitythefromarisescontributionOneonly.

energyphotonemittedthethatimplieswhichband,conductionthe h_Ω kinetictheondepends
arisecontributionimportant,moreother,Thetransition.themakingelectronanofenergy

opticalofpopulationthethatassumeshallWephonons.opticalwithinteractionthefrom
temperatureeffectiveanbygovernedisphonons equaliswhich theto T e Thiscarriers.theof

thethatshowCalculationsbottleneck.phononopticaltheastoreferredcommonlyissituation
concentrationselectronmobileforInGaAsinapproximationgoodaisassumptionbottleneck

10orderof 17 cm−3 higher.and

normallyoneplasma,bipolarawithdealingbecausepeople,sometosurprisingbemayThis
10belowconcentrationscarrieratbottleneckaexpectnotdoes 18 cm−3 ofbecauseHowever,.

arethatphononsopticalmass,electronlowerthe " termsspeakingon " aoccupyelectronswith
sametheofholesforcasethebewoulditthanzoneBrillouintheinvolumesmallermuch

theandlowerisphononsopticalrelevantofcapacityheattheConsequently,energy.average
concentrations.carrierlowersubstantiallyatarisesbottleneck
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characteristicsstateSteady .

layersactivetheoflevelbottomthebetweendifferenceenergytheestimatedhaveal.etFaist
aslevelgraded-alloytheand ∆2g = wetemperatureshightoonotforAccordingly,meV.79

(exphave ∆− 2g ⁄T e) << ofsystemsteady-stateTheneglected.becanbackflowtheand1
equations:twofollowingthetoreducedthenisequations





1 −
τ3

τ2g____




. J − c
_

g 0
. S =

τ3

f (T e)______ (20a),

τε

ng
)0( (T e − T)____________ = (h_ ∆+Ω 2g) . J − h_Ω . c

_
g 0 S (20b),

denotedhavewewhere

τ3 ≡
τesc τ+ 32

τ32 ( τesc τ+ 2g )______________ (21a),

τ3
τesc → 0

τ→ 2g τ2g < τ3 < τ32 τ3
τesc → ∞

τ→ 32 (21b)

givenaFor J [cm−2.sec−1 temperaturethebothyield(20)Eqs.] T e densityphotontheand S At.
thresholdthe S = forequationthe0 T e ≡ T th eliminatingbyobtainedis J (20):Eqs.from

T th − T

h_γ0 (T th)________ =
n
_

4 απ_____
τε ( τ32 τ+ esc )

τesc ( τ32 τ− 2g )______________
h_ ∆+Ω 2g

h_Ω_________
g 0 d

ng
)0( |z 32 |2

__________ ≡ R . (22)

determinedHaving T th findwe(22),†Eq.from J th from

J th =
τε ( h_ ∆+Ω 2g )

ng
)0( ( T th − T )______________ . (23)

determiningequationthethreshold,theAbove T e (J formtheofis)

[ng
)0( τ⁄ ε] δT e − (h_Ω⁄τ3) δf = [ ∆2g + (τ2g ⁄τ3) h_Ω ] δJ (24),

denotedhavewewhere δT e ≡ T e − T th , δJ ≡ J − J th and, δf ≡ f (T e) − f (T th Having.)
determined T e (20a).fromfoundisrelationlight-currentthe(24),Eq.from

takingbyobtainedbecanefficiencyslopetheforexpressionclose-formapproximateAn
δf ∼∼ fT′ (T th) δT e where,

fT′ =
4 απ

1_____
|z 32 |2

n
_

g 0 d_______
Ω
1___

dT e

dγ0_____ . (25)

givesThis

c
_

g 0 ∂J
∂S___ = 1 −

τ3

τ2g____ −
ng

)0( (τ3 τ⁄ ε) − h_Ω fT′
fT′ [ ∆2g + (τ2g ⁄τ3) h

_Ω ]___________________ . (26)

whenthatseeWe τesc ifevenidealfromdeviatemayefficiencythesmall,sufficientlyis fT′ = 0.

__________________

dependencetheofformanyforsensemakes(22)Equation† γ0 (T e If.) γ0 (T e) = aisalwaystherethen,const
Ifsolution. γ0 (T e right-theofvaluethewhensolutionabenotmaytherethenfunction,increasinglinearais)

orallatsolutionsnoeitherbemaythere(14)Eq.inlikefunction,concaveaForsmall.is(22)Eq.ofsidehand – if
sideright-handtheofvaluethe R largesufficientlyis – two solutions, Tth

(1) and Tth
(2) correspondingThe1.Fig.cf.,

currents Jth
(1) and Jth

(2) forpossibleonlyisLasingthresholds.uppertheandlowerthetermedbemay Jth
(1) < J < Jth

(2) .
ofconcavitythehowever,real,betoeffectthisFor γ0 (T e intruehardlyiswhichmotivated,physicallybeshould)

(14).Eq.ofcasethe
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Threshold.

thebydeterminedistemperaturecarrierthresholdthe4,p.onfootnotethemindinKeeping
(lineaofintersectionfirst T e − T ) . R where, R thewith(22),Eq.ofsideright-handtheis

curveconcave h_γ0 (T e givenaFor.) R temperaturelatticehighestthe T = T max whichat
islinethethatconditionthebydeterminedispossible,isthreshold tangent curve.theto

Hence γ0′ (Tth
cr ) = R γ0 (Tth

cr ) = R . ( Tth
cr − T max (27))

bothwhereformain(14)relationemiricalthere-writeusLet γ0 and T e inmeasuredare
meV:

γ0 (T e) = Ta e
2 + Tb e + c (28),

where a = 1.5.10 − 2 meV− 1 ; b = ;0.23 c = .meV11.3

findthenwe(27)Eqs.From Tth
cr = (R − b)⁄2a is:temperaturelatticemaximumtheand

T max =
4 a R

( R − b )2
_________ −

R
c__ . (29)

inequalitytheFrom T max > criterionfollowingthefindwe0

R > b + √ 4 ac ∼∼ (30)1.05

achievablebetothresholdthefor temperatureanyat is(30)ofsideright-handthethatfactThe.
thethatislasingforconditionnecessarythethatseeWecurious.isunitytocloseso

parameterdimensionless R unity.thangreateris

Tth
(1)TmaxT Tth

cr

Te

γ
0

R ( 
T 

 - 
T)

e

= aT   + bT  + c
2γ

0 e e

Tth
(2)

1Fig. functionconcaveaFor. γ0 (T e ,)
allatsolutionsnoeitherhavemay(22)Eq.

or – ofvaluetheif R largesufficientlyis –
two ofvaluefixedaForsolutions. R there

valuemaximumais T max latticetheof
temperature T possible.islasingwhichfor

ofvalueminimumaisthereFinally, R such
that T max > If.0 R thisthanlessis

inunityaboutis[whichvalueminimum
becantherethen(28)]Eq.ofexamplethe

temperature.anyatlasingno


