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Let a and b energythewithmovingparticleaforpointsturningclassicalthebe E
barrierpotentialaacross U (x ) regiontheinwords,otherIn. a < x < b hasone,

U (x ) > E form:theofisfunctionwaveWKBThe.

x < a : =ψ
√v

2___ cos


 h_

1__
a
∫
x

dxp +
4
π__





(1)

=
√v

1___ e
h_
i__

a
∫
x

dxp +
4
i π___

)incident(

+
√v

1___ e
−

h_
i__

a
∫
x

dxp −
4

i π___

)reflected(

x > b : =ψ


 v

D___




2
1__

e
h_
i__

b
∫
x

dxp +
4
i π___

)transmitted( (2)

where D wave,transmittedtheinfluxofdensitytheis p = √2m [E − U (x )] and,
v (x ) = p ⁄m soanddensityfluxunittonormalizediswaveincidentThe. D coincides

by:givenisItcoefficient.transmissionthewith

D (E ) = e
−

h_
2__

a
∫
b

 p  dx

= e
−

h_
2__

a
∫
b

√2m [U (x ) − E ] dx

. (3)

form†theofisfunctionwavethebarriertheInside

a < x < b : =ψ


 v

D___




2
1__

e
h_
1__




 x
∫
b

dxp




 =



 v

1__




2
1__

e
−

h_
1__




 a
∫
x

dxp




 . (4)

Example barrierParabolic: U (x ) −=
2
1__ κ x 2 Take. E −=

2
1__ κ a 2 gives:(3)Equation.

D = e
−

h_
4__

0
∫
a

√m κ (a2 − x 2) dx

= e
−

h_
π__ a2 √m κ

≡ e h_ω
2π E_____

where, ≡ω √κ⁄ .m (5)

L&L,(seesolutionexactanofadmitsbarrierpotentialparabolicThe § quasi-anot50,
ofvaluesarbitraryforvalidapproximation),classical E including, E > 0 (above-

transmission):barrier

________________

rather(4),Eq.inintegraltheoutsidebarsvalueabsolutetheplacedILifshitz,andLandauFollowing†
regionsbemaytherebarriertheinsidethethatemphasizetoperhapsisThis(3).inasinsidethan

where p whereregionsandrealis p thatsoimaginary,is

 ∫ ... 

 ≠ ∫  ...  ifsurenotamI.
ofphasethebarriersordinaryinbutmind;inhadL&Lwhatisthat p (alwaysvaryingnotis π⁄2 and)

betweendistinctionamakenotwouldone

 ∫ ... 

 and ∫  ...  .
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D =
1 + e− 2π ε

1_________ where, ε ≡
h
_ω
E___ . (6)

negativelargeafor(5)withagreessolutionexacttheObviously, E can(6)Equation.
Thus,barrier.smoothanyoftoptheneartunnelingconsideringwhenusedbe

short-channelaofdraintheandsourcethebetweencurveband-bendingaconsider
(length L barriertheofheighttheonlyknowweSuppose,transistor.field-effect) φp

biassource-draintheandsourcethetorelative V Assuming.

φ (x ) −=
2
1__ κ (x − xp )2 , (7)

expresscanwe κ and xp form:thein

xp =
V

L φp_____ (1[ + V ⁄φp )1⁄2 − ;]1 =κ
xp

2

2φp____ . (8)

gases2-dimensionaltwobetweencurrenttunnelingLateral Let. θ anglethebe
incidentthebetween k Ifbarrier.thetonormaldirectiontheand E energytotaltheis

equalscoefficienttransmissionthethenparticleincidentof D (E cos2 θ) where, D (E ) is
currentThe(3).Eq.bygiven J bygivenissourcetheofwidthunitper

J =
π2h_2

eE F √2 Em F___________
0
∫
1

du √1 − Du (uE F ,) (9)

π2h_2

eE F √2 Em F___________ = 4.00
mm
mA_____



 m 0

m____




1⁄2 

 meV][1

E F________




3⁄2

where E F flowscurrentoppositeandequalanequilibrium,Inenergy.Fermitheis
Ifelectrode.drainthefrom δV thenvoltage,draininfinitesimalanis J = G δV theand

conductance G isequilibriuminwidthsourceunitper

G ≡
∂V
∂J____ =

π2h_2

e 2 √2 Em F__________
0
∫
1

Ddu [E F (1 − u 2)] . (10)

gaseselectron3DtwobetweentunnelingforformulaeAnalogous Current. J areaunitper
diode:theof

J =
2π2h_3

em______
0
∫
EF

dE
0
∫
E

D (ξ) d =ξ
2π2h_3

em______
0
∫
EF

(E F − E ) D (E ) .dE (11)

area:unitperconductanceEquilibrium

G =
2π2h_3
e 2m______

0
∫
EF

D (E ) .dE (12)
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Derivation (10):and(9)Eqs.of

n [cm−2] =
(2π)2

2_____
0
∫
kF

dkk
π−

∫
π

d θ .

isdensitycurrentlinearThe ∫ ne (k) v (k) D (k :)

J =
2π2

e____
−π⁄2
∫
π⁄2

cos θ d θ
0
∫
kF

dkk
m
h_k___ D



 2m

h_2k 2 cos2θ_________




=
2π2h_2

e______
−π⁄2
∫
π⁄2

cos θ d θ
0
∫
EF

√2 DEm (E cos2θ) dE set x = E cos2θ (*)

=
2π2h_2

e______
−π⁄2
∫
π⁄2

cos2θ
d θ______

0
∫

EF cos2θ

√2 Dxm (x ) dx partsbyintegrate

=
2π2h_2

e______
−π⁄2
∫
π⁄2

d θ tanθ E F cos2 θ sinθ √2 Em F cos2θ D (E F cos2θ) dx

=
π2h_2

Ee F √2mE F___________
− 1
∫
1

tdt 2 D [E F (1 − t 2)] =
π2h_2

Ee F √2mE F___________
0
∫
1

du √1 − Du (uE F)

torespectwith(*)formtheinequationthisDifferentiating E F (10).Eq.atarrivewe,
similar:quiteis(11)†Eq.ofDerivation

n [cm−3] =
(2π)3

2_____
0
∫
kF

k 2 dk
0
∫
2π

d φ
0
∫
π

sin θ d θ

J =
(2π)3
2e 2π______

0
∫
kF

k 2 dk
m
h_k___

0
∫
π⁄2

sin θ d θ cos θ D


 2m

h_2k 2 cos2θ_________




=
2h_3π2

em______
0
∫
EF

dEE
0
∫
1

Ddx (xE ) =
2π2h_3

em______
0
∫
EF

dE
0
∫
E

Ddx (x (**))

=
2π2h_3

emE F
2

______
0
∫
1

(1 − u ) D (uE F) .du

parts.byintegrationviaobtainedislineslasttwobetweenTransition

case,1DIn n [cm−1] = (2⁄2π)
0
∫
kF

dk and,

J =
πh_
e___

0
∫
EF

DdE (E ;) G =
πh_
e 2
___ D (E F ,)

channels).spintwo(forformulaLandauerthewithagreementin

__________________

Luryi,S.andGrinbergA.A.byquotedthatwithagreesresultThe† " ofdependenceenergytheinstructureFine
jucntionstunnelofcharacteristicscurrent-voltagetheinoscillationsanddensitycurrent ", Rev.Phys. 42B 1705-1712,

(1990)
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Example atpeakbarrier:parabolic: x p atenergytorelativeenergypeak; x = is0 φp Therefore,.
energy E to0fromranges E F and ε ≡ (E φ− p)⁄h_ω thatAssuming.  2πεF  >> usecanwe,1

(6):thanrather(5)Eq.

D = e
2π (E φ− p)⁄h

_ω
(13)

(neglectingintegrateand(9)Eq.in(13)Substitute E F tocompared φp):

J =
3π2h_2

2eE F √2mE F___________ e
−

h_ω

2πφp_____

=
3π2h_2

2eE F √2mE F___________ e
−

h_
π__ √2m φp xp

.

temperatureFinite reducetopossibleisittoo)case1Dcourse,of(and,case3DaIn:
is(11)Equationtemperatures.finiteatalsoquadratureonetodensitycurrentthe

byreplaced

J =
2π2h_3

em______
0
∫
∞

Φ (E , E F, T ) D (E ) dE , (14)

where

Φ (E , E F, T ) ≡ kT ln



1 + e kT

EF − E
_______



 . (15)

Derivation function:Fermitheofintegralindefiniteanis(15)functionthethatNote:

f (E ) ≡
1 + e

(E − EF)⁄kT
1_____________ −=

dE
dΦ____ .

formthein3p.on(**)formulaRewrite

J =
2π2h_3

em______
0
∫
∞

f (E ) dE
0
∫
E

Ddx (x ) =
2π2h_3

em______
0
∫
∞

d Φ
0
∫
E

Ddx (x )

thatnotingparts,byintegrateand Φ (E asvanishes) E → ∞ (14)Eq.temperatures,lowAt.
since(11)intoovergoes

Φ (E , E F, T )
T → 0

→ (E F − E ) Θ (E F − E ,)

where Θ (x (functionsteptheis) =Θ for0 x < and0 =Θ otherwise).1

wellquantumaintoTunneling becancoefficienttransmissionthecasethisIn:
form:theinwritten

D (E ) = 2πh_ ν (E ) δ (E − E 0 ,) (16)

where ν (E ) dimensionalitythehas sec−1 aintoratetunnelingthedescribesand
into(16)Substitutingpage).nextonexamplethe(seeproblem1Dainleveldiscrete

havewe(14),

J =
πh

_2
em____ Φ (E 0, E F, T ) ν (E 0) Θ (E 0) . (17)
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sizeofwellquantum1Daof)out(orintocurrentthecalculatedhasPayne† a bybounded
thicknessofbarriersrectangular b heightand U form:theofisresultHis.

j 1 → QW = 2e ν (E 0 [) f 1 (E 0) − f QW (E 0 (18),)]

where

ν (E ) =
U 2 [h_ + a √m (U − E )⁄2]

[8 E (U − E )]3⁄2
_____________________ e − 2b √2m (U − E ) (19)

DefiningPayne).byomitted2,offactordegeneracyspintheincludedhave(I D (E inas)
bycurrent1Dthecalculatingand(16),Eq.

j 1 → QW =
0
∫
∞

DdE (E [) f 1 (E ) − f QW (E ,)]

(providedformulaPayne’satarrivewe E 0 > was(14)Eq.ofderivationourSince0).
usecanwecoefficient,transmissiontheofformparticularanytounrestricted

D (E ) = 2πh_ ν (E ) δ (E − E 0 hadwe17,Eq.(InresultfollowingthetoleadsThis(14).Eq.in)
density:currentnettheforflux)reversetheomitted

J 1 → QW =
πh_2
em____ ν1 (E 0) Θ1 (E 0) kT ln

1 + e
(E F

(QW) − E 0)⁄kT

1 + e
(E F

(1) − E 0)⁄kT
_______________ (20),

well:theofoutcurrenttunnelingtheforSimilarly,

J QW → 2 =
πh_2
em____ ν2 (E 0) Θ2 (E 0) kT ln

1 + e
(E F

(2) − E 0)⁄kT

1 + e
(E F

(QW) − E 0)⁄kT
_______________ (21),

functionsthewhere Θ 21, edgeconduction-bandthetorelativefunctionssteptheare EC
2)(1, in

electrode,respectivethe Θi (E ) Θ≡ (E − EC
(i ) and,) ν1 (E and) ν2 (E ratestunnelingtheare)

forapproximationreasonableArespectively.barriers,collectortheandemitterthethrough
ratestunnelingthe νi bothwith(19)formtheinthemtaketois U and E torelativedefined

ofmagnitudeTheelectrode.respectivetheinedgebandconductionthe U replacedbeshould
heightsbarrieraveragetheby U 1 and U 2 Figure.thesee,

termanother(20)Eq.toaddweQW,theinlevelsecondthethroughtransitionsincludeTo
haswhich E 0 byreplaced E 1 but(21),Eq.totermsimilaraaddweifdonebewillharmNo.

levelthemodelourinbecausesmallistermthis E 1 populated.appreciablynotis

wellquantumtheinsidedensitychargesheetThe σ satisfies

dt
dσ____ = J 1 → QW − J QW → 2 (22),

havewelawGauss’fromalsoequation);continuitycurrent(the

ε
σ__ = F 2 − F 1 (23)

where F 1 and F 2 respectively.2,and1barrierstheinfieldselectrictheare

__________________

Payne,C.M.† " tunnelingresonantofdescriptionHamiltonianTransfer ", Phys.J. 19C (1986)1145-1155,
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widthofwellpotentialtheinlevelsEnergy a heightofbarriersthebybounded U 1 and U 2 are
approximately:by,given

En =
2ma 2

π2h_2 (n + 1)2
___________ 1( − √2h_2⁄ma 2U 1 − √2h_2⁄ma 2U 2 ,) n = 1,0, ... . (24)

limittheinlevelslow-lyingforvalidisformulaThis ma 2U 21, ⁄h_2 >> atodueCorrections.1
potentialnon-flat δ V (x levels:allforsamethearequasi-classically,calculatedwell,theinside)

δ En =
a
1__

− a ⁄2
∫
a ⁄2

δ dxV =
ε

e σ____
8
a 2
___ (25),

theofmiddletheinplacedchargeQWtheallassumingobtainedisexpressionlastthewhere
ifthatNotewell. δ V thenwell,theofmidpointtheaboutseriesTaylortheinexpandedis

ofpowersevenonly x rigorousaintruealsobewouldThiscorrection.acontributewill
definiteahavefunctionswaveunperturbedthecalculation:perturbation(non-quasiclassical)

oddofvaluesexpectationthehenceandmidplanetheinreflectionstorespectwithparity
ofpowers x vanish.

QWinsideDistribution densitythethatassumptiontheonwrittenisabove(20)Expression.
levelFermiabycharacterizedstatistics,equilibriumthebygivenisQWtheinelectronsof

E F
(QW) :

dE
dσ____ =

πh_2
em____ f QW (E ) =σ→

πh_2
em____ Φ (E 0, E F

(QW) , T ) . (26)

whenequilibrium,nearapproximationgoodaundoubtedlyisThis E F
(1) − E F

(QW) <∼ kT and,,
timescatteringinelasticthewhengenerally, τin short,isQWinside τin ν 21, (E 0) << for(e.g.,1

forequationanbecomes(22)Eq.case,thisInbarriers).highandthick E F
(QW) (t ):

dt
dσ____ =

πh_2
em____ f QW (E 0) dt

E F
(QW)

______ = J 1 → QW (E F
(QW) ) − J QW → 2 (E F

(QW) ) . (27)

limit,oppositetheIn τin ν 21, (E 0) >> aassumetoisapproximationbettera,1 "friable"
emittertheindistributionthereplicatesthatQW,theindistribution – fillingabymultiplied

factor ξ < :1

dE
dσ____ =

πh_2
em____ ξ f 1 (E ) =σ→

πh_2
em____ Φξ (E 0, E F

(1) , T ) . (28)

byreplacedbewill(22)and(20)Eqs.case,thisIn

J 1 → QW =
πh_2
em____ 

 ν1 (E 0) Θ (E 0) Φ (E 0, E F
(1) , T (1) ξ− ) 

 (29),

J QW → 2 =
πh_2
em____ 

 ν2 (E 0) Θ (E 0 [) Φξ (E 0, E F
(1) , T ) Φ− (E 0, E F

(2) , T )] 
 .

forequationanbecomesthus(22)Equation ξ (t ).
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Procedure:

Setting dσ⁄dt = 0 parameterunknownthedetermines(22)Eq.in E F
(QW) caninterestofquantitiesAll.

oftermsinexpressedbe E F
(QW) .

=σ
πh_2
em____ 

 Φ (E 0, E F
(QW) , T ) Φ+ (E 1, E F

(QW) , T ) 
 .

Expressleakage).thermionic(onlytunnelingofabsensetheindistributionpotentialtheCalculate1. F 1
and F 2 oftermsin E F

(QW) .

bandconductionthetorelativelevelsenergytheandheightbarrieremittereffectivetheDetermine2.
emitter:theinedge

U 1 = U 1
(0) − eF 1 2

b 1___ ;

E 0 =
2ma 2
π2h_2

_____ 1( − √2h_2⁄ma 2U 1 − √2h_2⁄ma 2U 2 ) − F 1 (b 1 + a ⁄2) +
ε

e σ___
8
a 2
___ ;

E 1 =
2ma 2
4π2h_2
______ 1( − √2h_2⁄ma 2U 1 − √2h_2⁄ma 2U 2 ) − F 1 (b 1 + a ⁄2) +

ε
e σ___

8
a 2
___ .

ratestunnelingtheCalculate3. ν1 (E 0) and ν1 (E 1) substituting(19),Eq.from U 1 for U .

Calculate4. J 1 → QW levelsbothintotunnelingaccountintotaking, E 0 and E 1:

J 1 → QW =
πh_2
em____ 

 ν1 (E 0) Θ (E 0 [) Φ (E 0, E F
(1) , T ) Φ− (E 0, E F

(QW) , T )] ν+ 1 (E 1) Θ (E 1 [) Φ (E 1, E F
(1) , T ) Φ− (E 1, E F

(QW) , T )] 
 .

bandconductionthetorelativelevelsenergytheandheightbarriercollectoreffectivetheDetermine5.
collector:theinedge

U 2 = U 2
(0) + eF 2 2

b 2___ ;

E 0 =
2ma 2
π2h_2

_____ 1( − √2h_2⁄ma 2U 1 − √2h_2⁄ma 2U 2 ) + F 2 (b 2 + a ⁄2) +
ε

e σ___
8
a 2
___ ;

E 1 =
2ma 2
4π2h_2
______ 1( − √2h_2⁄ma 2U 1 − √2h_2⁄ma 2U 2 ) + F 2 (b 2 + a ⁄2) +

ε
e σ___

8
a 2
___ .

ratestunnelingtheCalculate6. ν2 (E 0) and ν2 (E 1) substituting(19),Eq.from U 2 for U .

Calculate7. J QW → 2 levelsbothfromtunnelingaccountintotaking, E 0 and E 1:

J QW → 2 =
πh_2
em____ 

 ν2 (E 0) Θ (E 0 [) Φ (E 0, E F
(QW) , T ) Φ− (E 0, E F

(2) , T )] ν+ 2 (E 1) Θ (E 1 [) Φ (E 1, E F
(QW) , T ) Φ− (E 1, E F

(2) , T )] 
 .


