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In the Appendix of the paper by Rathinamet al.,1 the
authors correctly derive expressions for the expected value
and variance of the number ofS1 molecules in the first order

reversible reactionS1�
c2

c1

S2 . We show that the same expres-

sions can be obtained by using the generating function in
solving the master equation. In addition, our approach allows
for the computation of the probabilities for the number ofS1

molecules at a certain timet when the reaction parameters,
i.e., the initial number of moleculesX1(0) andX2(0) of S1

and S2 , respectively, and the reaction ratesc1 and c2 , are
given.

The master equation is a differential-difference equation
that describes the evolution of the probabilitypx(t), i.e., the
probability that the number ofS1 molecules at timet is equal
to x. The master equation for the first order reversible reac-
tion is2

dpx~ t !

dt
5c1~x11!px11~ t !1c2~xT2x11!px21~ t !

2@c1x1c2~xT2x!#px~ t !, ~1!

where xT is equal to the total number ofS1 and S2 mol-
ecules:xT5X1(t)1X2(t). One way of solving the master
equation is to transform it into a partial differential equation
by use of the generating function, which is defined as

F~s,t !5 (
x50

xT

px~ t !sx, usu,1. ~2!

Multiplying the left- and right-hand sides of Eq.~1! by sx

and summing overx50 to x5xT , we obtain

]F

]t
5@c11~c22c1!s2c2s2#

]F

]s
1xTc2~s21!F. ~3!

The solution of this partial differential equation with initial
condition

F~s,0!5 (
x50

xT

px~0!sx5sX1~0!,

and boundary condition

F~1,t !5 (
x50

xT

px~ t !51,

is equal to

F~s,t !5S 2l~12s!e2ct1l1s

~12s!e2ct1l1s
D X1~0!

3S ~12s!e2ct1l1s

11l D xT

, ~4!

wherec5c11c2 andl5c1 /c2 .
As mentioned by Rathinamet al.,1 for the caseX1(0)

50 or X2(0)50 one can find an analytic solution for the
distribution function. For example, letX2(0)50 and hence
X1(0)5xT , thenF(s,t) reduces to3

F~s,t !5S le2ct~s21!1l1s

11l D xT

. ~5!

FIG. 1. The distribution function for the number ofS1 molecules in the first
order reversible reaction aftert50.01 s. The initial values areX1(0)
5X2(0)5104 and the rate parameters are equal toc15c25105.
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An expansion of Eq.~5! arounds50 gives the analytic ex-
pression for the probabilities,

px~ t !5S xT

x D S c1

c D xTS e2ct1
1

l D x

~12e2ct!xT2x,

for t>0 andx50,1,...,xT .
We are not aware of analytic expressions for the terms in

the Taylor expansion ofF(s,t) when neitherX1(0) nor
X2(0) is equal to 0. However, what can be computed is the
expected value of the number ofS1 molecules at timet and
its variance,1 and, in addition, the probabilitiespx(t) when
X1(0), X2(0), c1 , andc2 are given.

The expected value ofS1 molecules at timet and its
variance can be found fromF(s,t) as follows:

E„X1~ t !…5S ]F

]s D
s51

5
~12e2ct!xT

l11
1X1~0!e2ct, ~6!

Var„X1~ t !…5S ]2F

]s2 D
s51

1S ]F

]s D
s51

2S ]F

]s D
s51

2

5
1

~11l!2
~12e2ct!$xTl1e2ct

3@X1~0!~l221!1xT#%. ~7!

By manipulating the expressions in Eqs.~6! and~7! one can
obtain the results of Rathinamet al.,1 i.e., Eqs.~A11! and
~A13! in their paper, respectively.

The advantage of our approach is in that, even for the
general case where neitherX1(0) norX2(0) is equal to 0, we
can obtain numerical values for the probabilitiespx(t). In-
deed, whenX1(0), X2(0), c1 , andc2 are given, the prob-
ability px(t) is computed as the coefficient of the term of
orderx in the Taylor series ofF(s,t) abouts50. In Example
2 of their paper, Rathinamet al.1 simulate 10 000 trajectories
of SSA~Gillespie’s4 Stochastic Simulation Algorithm! in or-
der to get a good estimate of the distribution. On the other
hand, with our approach, we can determine the desired dis-
tribution exactly.

The probabilitiespx(t) (x50,...,xT) can also be com-
puted by following the method described by Laurenzi,5

which is based on the Laplace transform of the master equa-

tion. In this way, solving the partial differential equation~3!
is avoided, which is important for more complicated reac-
tions. Instead, one has to solve the set of linear equations
(sI2M )V(s)5P, where I PR(xT11)3(xT11) is the identity
matrix, the elements ofMPR(xT11)3(xT11) in row i and col-
umn j are defined as

M ~ i , j !55
2ui 212c1~ i 21! if i 5 j

c1i if i 5 j 21

uj 21 if i 5 j 11

0 otherwise,

with ui5c2(xT2 i ), the vector PPRxT11 is equal to
(0¯0 1 0̄ 0)T with the element 1 in rowX1(0)11 and
V(s)PRxT11. The ith element ofV(s) is then equal to the
Laplace transform ofpi 21(t). Consequently, the time depen-
dent probabilities are obtained by taking the inverse Laplace
transform of the elements ofV(s).

Finally, we note that the computation of the probabilities
from any analytically derived expression for large values of
xT may be a numerically challenging task.

Example.Assume that6 X1(0)5104, X2(0)5104, c1

5105, andc25105. The coefficientspx(t) in the Taylor se-
ries of F(s,t) in Eq. ~4! around s50 for x
59700,9701,...,10 300 andt50.01 s were computed in
MAPLE. They are shown in Fig. 1.
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