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In the Appendix of the paper by Rathinaet al,* the X7
authors correctly derive expressions for the expected value F(s,0)= >, py(0)s*=s19),
and variance of the number 8f molecules in the first order x=0

cq "
reversible reactiorts;—=S,. We show that the same expres- and boundary condition

Cy XT
sions can be obtained by using the generating function in F(l,t)ZE P (t)=1,
solving the master equation. In addition, our approach allows x=0
for the computation of the probabilities for the numbeiSef ;g equal to
molecules at a certain timewhen the reaction parameters,

i.e., the initial number of molecule; (0) andX,(0) of S . ~N(1-s)e t+r+s| "
. . S, —
gir:/oénsz, respectively, and the reaction ratesandc,, are (1-s)e “+r+s
The master equation is a differential-difference equation (1—s)e S+ N+s\*T
that describes the evolution of the probabilityt), i.e., the 1+N ' (4)
probability that the number &, molecules at timéis equal
to x. The master equation for the first order reversible reacWherec=cy+c, andh=c, /c,. )
tion i As mentioned by Rathinarat al,” for the caseX;(0)
=0 or X,(0)=0 one can find an analytic solution for the
dpy(t) distribution function. For example, l&€,(0)=0 and hence
gt~ CaXF DPxra (D) F Co(xr =X+ 1)pyx-1(1) X;(0)=x;, thenF(s,t) reduces t
Ae %(s—1)+A+s\*T
—[cyX+Co(X7—X)]Px(t), (1) F(s,t)z( e ®(s—1) s | ©
1+A\
where x; is equal to the total number &; and S, mol-
ecules:xy= X4 (t) + X,(t). One way of solving the master 4
equation is to transform it into a partial differential equation 6210
by use of the generating function, which is defined as 5
XT 4
F(s,t)=2 pJ(t)s, [sl<L. 2 =
x=0 S 3
Multiplying the left- and right-hand sides of E¢l) by s* “2
and summing over=0 to X=Xy, we obtain 1
JF JF (}
E=[C1+(Cz—01)5— czsz]ngxTcz(s— 1)F. (3) 9700 9900 10100 10300

. . . . . . . FIG. 1. The distribution function for the number 8f molecules in the first
The solution of this partial differential equation with initial orger reversible reaction after=0.01s. The initial values aré,(0)

condition =X,(0)=10" and the rate parameters are equat{e c,=10".
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An expansion of Eq(5) arounds=0 gives the analytic ex- tion. In this way, solving the partial differential equati(3)

pression for the probabilities, is avoided, which is important for more complicated reac-
o\ [ g\ xT M tions. Instead, one has to solve the set of linear equations
px(t)=( T (_1) e ot =] (1—e StyTx, (sl—=M)V(s)=P, wherel e R&T*IX1*1) s the identity
XJ\e A matrix, the elements dfl e ROT+*D*C7+1) in row i and col-
for t=0 andx=0,1,..x;. umnj are defined as
We are not aware of analytic expressions for the terms in ) o
the Taylor expansion ofF(s,t) when neitherX,(0) nor —Ui—Cy(i=1) if i=]
X,(0) is equal to 0. However, what can be computed is the cii if i=j—1
expected value of the number 8f molecules at time and M(i,j)= U i
its variance! and, in addition, the probabilities,(t) when -1 _ )
X1(0), X,(0), ¢;, andc, are given. 0 otherwise,

The expected value 0B; molecules at time and its
variance can be found from(s,t) as follows:

_(1—e*‘")x

JF
E(Xl(t)):(%) = )\+1 T+X1(O)e_0t, (6)
s=1

with u;=c,(x;—i), the vector Pe R*T*! is equal to
(0---010--0)" with the element 1 in rowX;(0)+1 and
V(s) e R*T*1. Theith element ofV(s) is then equal to the
Laplace transform opf;_4(t). Consequently, the time depen-
dent probabilities are obtained by taking the inverse Laplace
JF JF\ 2 transform of the elements &f(s).
g) - (g) Finally, we note that the computation of the probabilities
s s=1 from any analytically derived expression for large values of
X1 may be a numerically challenging task.
- (1-e Y{xAte Example. Assume tha&t X;(0)=10%, X,(0)=10% c,
(1+))? =10°, andc,=10°. The coefficientg,(t) in the Taylor se-
2 ries of F(s,t) in Eq. (4 around s=0 for x
XX (0= 1)+ x]}- ™ =9700,9701,...,10300 and=0.01s were computed in
By manipulating the expressions in E@6) and(7) one can  mAPLE. They are shown in Fig. 1.
obtain the results of Rathinaet al,’ i.e., Egs.(A11l) and _ o
(A13) in their paper, respectively. Thg authors thank Prlofessor Ra}hmam and Dr. Gillespie
The advantage of our approach is in that, even for thdor their comments on this manuscript.
general case where neithéf(0) norX,(0) is equal to 0, we
can obtain numerical values for the probabilitiggt). In-  “Electronic rt?ail:mf ;‘gggﬂ‘ﬁefe-sunywe‘jui URL:  http://
defa.d, whenX_l(O), X5(0), ¢q, andc, are given, the prob- b)mﬁ)cnﬁésumn;ﬁ sﬁerr;gece.suﬁygl;.edu
a.b|||ty px(t) IS Computed as the coefficient of the term of 9Electronic mail: monica@ece.sunysb.edu
orderx in the Taylor series of (s,t) abouts=0. In Example  “Electronic mail: djuric@ece.sunysb.edu o
2 of their paper, Rathinamt al* simulate 10 000 trajectories 11M1-9ng;'32”2‘b'6- R. Petzold, Y. Cao, and D. T. Gillespie, J. Chem. Phys.
of SSA(Gillespie’s' Stochastic Simulation Algorithirin or- 2D A MCQlﬁamg'l Appl. Probabt, 413 (1967
der to get a good estimate of the distribution. On the othersThe expression foF(s,t) given by McQuarrie(Ref. 2 contains a few
hand, with our approach, we can determine the desired dis-errors.
tribution exactly. “D. T. Gillespie, J. Comput. Phyg2, 403 (1976.

- _ ®|. J. Laurenzi, J. Chem. Phy$13 3315(2000.
The prObab'“t'eSpX(t) (X_O'“'XT) can also be com- 5Note that Rathinanet al. (Ref. 1) consider in their Example 2 the revers-

puted by following the method described by Laurehzi, ible reaction betwees; andS; (not S,), and henceX;(0)=10* [while
which is based on the Laplace transform of the master equa-X,(0)=100].

I°F
Var(Xl(t))=(§> +(
s=1
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