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Model Selection Based on Bayesian Predictive
Densities and Multiple Data Records

Petar M. Djuri¢, Member, IEEE, and Steven M. Kay, Fellow, IEEE

Abstract— Bayesian predictive densities are used to derive
model selection rules. The resulting rules hold for sets of data
records where each record is composed of an unknown number of
deterministic signals common to all the records and a stationary
white Gaussian noise. To determine the correct model, the set of
data records is partitioned into two disjoint subsets. One of the
subsets is used for estimation of the model parameters and the
remaining for validation of the model. Two proposed estimators
for linear nested models are examined in detail and some of their
properties derived. Optimal strategies for partitioning the data
records into estimation and validation subsets are discussed and
analytical comparisons with the information criterion A of Akaike
(AIC) and the minimum description length (MDL) of Schwarz
and Rissanen are carried out. The performance of the estimators
and their comparisons with the AIC and MDL selection rules are
illustrated by numerical simulations. The results show that the
Bayesian selection rules outperform the popular AIC and MDL
criteria.

I. INTRODUCTION

ODEL selection is an important problem in a vari-

ety of scientific and engineering disciplines. In signal
processing it is equivalent to the detection of the number of
signals in a multichannel time series [34]; the determination
of a filter order in adaptive estimation [6]; pole retrievement
of a system from its natural response [20]; speech, image and
biomedical data compression [7], [22], [27]; segmentation of
time series and digital images [29]. In classical statistics this
problem is addressed by multiple hypotheses testing, which
often cannot be handled easily since it requires the choice
of a number of dependent significance levels. In addition,
the multiple hypotheses testing may suffer from inconsistency
and intransitivity [15]. Recently instead, the model selection
problem has been pursued by using approaches founded on
information theoretic [3], Bayesian [16], [28], and coding
theoretic [25] reasoning.

In the paper we derive Bayesian model selection rules from
multiple data records. The rules rest on the use of predictive
densities according to the examined models and one portion
of the observed data [1], [26]. The main idea is to partition
the data into two subsets. One is used for determination of
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the density function of the mode} parameters and the other for
validation of the hypothesized model. The partitioning may
be repeated, and the results of the estimation-validation steps
appropriately combined. The approach is related to the cross-
validation principle [31] or the predictive sample reuse method
[11]. The difference is that we exploit an additional assumption
about the data, that is, their probabilistic structure.

First we briefly discuss why we resort to estimation-
validation. Then we derive selection rules for linear nested
models. These rules turn out to be similar in form as the
two most popular criteria for model selection, the AIC and
MDL. They are represented by a sum of data and penalty
terms. The penalty term is a function of the total number
of data records, M, and the number of estimation data
records, L. We prove several propositions for conditions under
which the selection rules become consistent. In addition we
prove that the probability of overparametrization is minimized
when we use only one data record for estimation and the
rest for validation. On the other hand, the probability of
underparametrization is minimized when M — 1 data records
are used for estimation, and one for validation. Since these
are conflicting requirements, we develop a strategy of how
to partition the data records. We find upper bounds of
the probabilities of over—and underparametrization which
can serve to determine an optimal strategy for estimation-
validation. The results suggest that the optimal L is a function
of the signal-to-noise ratio (SNR). The lower the SNR, the
larger the value of L for improved performance. In a very
broad range of SNRs, the optimal L is equal to one. Moreover,
we show that the probability of overparametrization is not
a function of the SNR. In the paper we also prove that
asymptotically the Bayesian rule becomes equivalent to the
AIC when L = M — 1. If L = 1, our rules are similar to the
MDL, but they are not equivalent. All the theoretical results
are supported by computer simulations. The comparisons with
the AIC and the MDL show that the Bayesian rules, when
optimal L is chosen (usually L = 1), produce best results.

The paper is organized as follows. First the problem will
be stated. Then the two-data-record case will be examined,
emphasizing the characteristic steps in deriving the predictive
densities and the selection rule therefrom. Two model order
estimators of special interest will be defined: the symmetric
and the sequential. In Section IV these two estimators will be
derived when there are M data records, L of them used for
obtaining a proper distribution for the model parameters, and
the remaining M — L data records for validating the model
through the derived predictive density. The question of how to
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partition the data set into two subsets, L and M — L, and the
question of consistency of the estimators will be discussed in
Section V. Finally, relations to other model selection schemes
and concluding remarks will be given in Sections VI and VII.

II. PROBLEM FORMULATION

We suppose that a linear system S of unknown order m has
generated M independent sequences according to

y]:Hm9m+e] .]:1727Ma (1)

where H,, is an N X m deterministic matrix, #,, is an
m x 1 vector of unknown deterministic system parameters,
and e; ~ N(0,0%I). We shall assume that o2 is known.
The data sequences have the same number of samples N.
Further, we suppose that there is a set of hierarchical models
My, My, ---, My described by

y]:Hk6k+e] k:1727791 }:127,M,
(2)
where ¢ > m, and Hy for & = m in (2) is identical

to H,, in (1). In essence, one of the models in the set
M = {My, My, -+, M,} is identical to the true system S.
The problem is to estimate the order of the system.

IIl. THE TWO-DATA-RECORD PASTE

We suppose that there are two independent sequences y;
and y» generated by the same system S given by (1). Using
the two sequences, we shall derive several estimators based
on predictive densities.

Predictive densities are defined as marginal densities of
observed data according to a model. For example, if the data
vector y; has an assumed density given the model and its
parameters, f(y1|fk, Mx), and the prior density of the model
parameters is f(6x| M), then the predictive density according
to the model M, is obtained by

FyilMy) = /@ F31 10 MOFEIMO B ()

where Oy is a k-dimensional parameter space specified by the
model. If p(My]|y1) is the posterior probability that the model
My is correct given the data sequence y;, Bayes’ theorem
yields

p(Mi) f(y1lMy)
f(Y1)

where p(My,) is the a priori probability of the model M, and
f(y1) the marginal density of the data.

If our criterion for model selection (or model order esti-
mation) is the posterior probability of the model M, after
observing the data y;, p(Mpg|y1), the best model maximizes
(4). This criterion minimizes the probability of selection error
P. when the loss function is chosen such that it equals one
for incorrect and zero for correct model selection [15]. Since
f(y1) is common for all the models, we are basically looking
for the maximum of p(My) f(y1|My). If we further assume
that the a priori probabilities of the models are equal, then we
choose the model which maximizes (3).

p(Myily1) = 4
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A major difficulty in using (3) is the quantification of the
prior density f (8] My). If we decide to choose a noninforma-
tive prior,' then the posterior probabilities of the models may
lead to arbitrary selections [4]. In the linear case, for example,
the noninformative prior is an arbitrary constant which does
not disappear while evaluating (3), necessarily leading to an
arbitrary selection criterion [10]. On the other hand, if we use
proper priors — for instance, conjugate priors>—then we have
additional problems with assigning values to the distribution
parameters, and these values for short data records may affect
the selection [10].

We prefer to use the noninformative priors since they
introduce minimal information. To alleviate the problem of
arbitrariness we shall

1) use a noninformative prior to obtain a posterior density

of § using the first sequence yq, f(0x|y1, Mx), which
is proper; and

2) use f(Okly1. M) as a prior in (3) to obtain the pre-

dictive density of y, according to the model M and

Y1
Thus, the first sequence is used for determining a proper
prior for the model parameters, which allows us to obtain
the predictive density of the data y, avoiding the arbitrary
constants from the noninformative priors. Therefore, this is
now a predictive density not only according to the model, but
also to one portion of the observed data. Since the second
data record y» is also known, it can be substituted in the
predictive density expression, yielding a measure of prediction
accuracy of the examined model—i.e., validating it. For further
convenience, the data records used for obtaining proper priors
will be called estimation, and the remaining ones, validation
data records.

Technically, the procedure is implemented as follows. We
may write

F(ylyn, My) = /@ F(92l60r 1, Mi) f (B ly1, M) dB

(5)
where f(y2|y1, Mx) is the predictive density of y2 according
to the data y; and the model M. The predictive density as
defined in (5) will be determined for every model in the set
M. We choose the model that maximizes (5).

For the linear models in (2) the noninformative priors are
defined by [5]

F(Ok| M) x const.

It is readily shown that the posterior distribution becomes [5]

HTH,|*
FOklyr, Mx) = Ik—k‘r
(2m0?)?

-exp {—2—(1;2- (9k - éz(cl))THfﬂk (9k - é;(el))} (6)

. . PR
! Noninformative priors are defined by f(6x| M) o [I(6)|2 - ie., they
are proportional to the determinant of Fisher’s information matrix.

2 Parametric priors which yield posterior densities that belong to the same

family of prior densities are called conjugate priors.
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where
69 = (HTHL) Hly:.
Note that
1
f(y2|0, y1, Mi) = @not)¥

1
-exp {—m(yz ~Hyb)  (y2 - erk)}. Q)

When (6) and (7) are substituted into (5), the nuisance pa-
rameters 8y integrated out, and the irrelevant terms (which are
identical for every k) dropped out, we obtain

1 1 /1
f(YZlyl»Mk) o< Q?eXp{_ﬁ(§Y{Pk}’1

1

2y§Pkyz - ngky1> } ®)

where
P, = Hy(HTH,) 'HT )

is a projection operator. From (8) we propose the following
estimator for m

Thp = arg {mkin(—Zy%FPkyl - y3 Pry2
+ y{Pry1 +2ko*In2)} (10)

which is equivalent to selecting the model that maximizes
(8). The index 2|1 denotes that the sequence y; was used
for validation and y; for estimation.

Clearly, we might have used the sequences in the opposite
order and obtained a similar estimator

iy = arg min{(=2y3 Pxy1 — yi Py1
+yIPry2 +2ko’In2)}. (11

Now we have two estimators which may yield different
estimates using the same pair of sequences. Which estimator
should be used then, or how should they be combined to obtain
a unique estimate 7 (10) seems to be a natural choice if the
data records are ordered in time. Otherwise, the following two
alternatives seem to be reasonable choices

TMmin = min ()2, o)1) (12)

and

Tgym = arg {mkin(mm + mzu)}

= arg {rnkin (—2y7 Pry1 + 2ko? In 2) } (13)

The estimator (12) is motivated by the principle of parsimony.
We want to choose the simplest model allowed by the data, so
we choose the simpler model from the two already selected by
(10) and (11). The index “sym” in (13) stands for symmetrical
because the form of the estimator is symmetrical with respect
to y; and y» (each sequence is used as an estimation sequence
and the remaining for validation). It is motivated by the desire:
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1) to impose equal role to each of the sequences available for
processing and 2) to decrease the variance of our estimates
(note that (13) is based on the geometrical mean of all the
predictive probability density functions that can be constructed
from the data records.)

It is interesting that these estimators have similar formats
like other model selection criteria (see Section VI). They
have two terms, a data term and a penalizing term. For
example, in (13) the data term represents the crosscorrelation
of the observed vectors y; and y, in the signal subspace
represented by the projection operator P. The second term is
the penalizing factor which monotonically increases when the
order of the model and the observation noise variance increase.
This will entail the choice of simpler models whenever the
crosscorrelations of y; and y; in the signal subspaces defined
by the higher and lower dimension models are approximately
equal.

Another interesting characteristic of the estimators (10)—(13)
is that their penalty term is not a function of the data record
length N. This will certainly imply that when N — oo,
these estimators will not be consistent, which means that the
probability of incorrectly selecting higher order models will
remain finite.

The most stringent of the four estimators (10)-(13) in
penalizing overparametrization is Mmin. This can be shown
analytically (omitted here) and by simulations. We have tested
the estimators on 1000 trials using the following data model

8
ytizAiCOS(27Tfit+¢i)+€t, t= 1a25"'a1V (14)
i=1

where A, = 1.89, Ay = 1.41, A3 = 1.06, Ay = 0 for
k=4,5,6,7,8, and 02 = 1 (the correct model was 3). Note
that now 87 = [A; Ay - - - Ai]. The rest of the parameters are
given in Table I. The data record lengths were N= 20 and 50.
The results are presented in Table II. The performance of the
symmetric estimator has not improved with the increase of the
data record lengths. The best performance (largest number of
correct selections) achieved 77,,;,. Even so, we conjecture that
for the most part it may be overly conservative, notably for
short data records or low SNRs. This was verified by many
simulations. The results shown in Table III illustrate how the
estimates obtained by rh,;, deteriorated when the SNR was
decreased compared to the case given in Table II. The same
model was used as in (14) with identical parameters as before,
except that A3 = 0.795. In 25 cases the estimate was even
Mmin = 1, thus missing the two sinusoids at frequencies
fo = 0.15 and f3 = 0.28. When there are M sequences,
this will be much more emphasized. Although parsimony is
desirable, consistent underparametrization in many problems
is much less acceptable than overparametrization. Therefore,
this estimator will not be considered in the sequel.

As already mentioned, we shall be interested primarily in
deriving model selection criteria when there are more than
two sequences. Two estimators will be analyzed. The first

31t should be noted, however, that the tendency of underparametrization
can be reduced by imposing higher costs for underparametrization than for
overparametrization.
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TABLE 1
PARAMETERS OF THE DATA MODEL (14); THE SAMPLING FREQUENCY IS |
hld ) o || i iéd] il
032] 1.0 015] 1.7 || 0.28|-0.4 || 0.10 | 2.1

fo | & | fo | b6 | fr [ & || fs | 48
0.44 | -1.1 {0.05(-24 1021 09 || 0.38] 1.3

TABLE II
COMPARISON OF ESTIMATORS WHEN THE DATA RECORDS HAD 20 aND 50
SAMPLES; THE VALUES SHOW THE NUMBER OF TIMES THE MODEL ORDER k
‘WaS CHOSEN IN 1000 REALIZATIONS BY THE RESPECTIVE ESTIMATORS; THE
SNR FOR THE THIRD SINUSOID IS —2.5 dB; THE CORRECT MODEL ORDER IS 3

M=2, N=20 M=2, N=50
k msym mzu Thm Mmin f"sym ﬁy_l ";11[2 Mmin
1 0 1 0 0 0 0 0 0
2 0 54 36 91 0 3 6 9
3| 736 | 610 | 594 | 769 731 | 635 | 648 | 837
44 116 | 109 | 131 76 125 | 138 | 140 83
5 32 53 50 12 70 84 87 44
6 59 83 96 35 36 57 44 15
7 36 50 41 12 25 37 39 7
8 21 40 52 5 13 46 36 5
TABLE il

COMPARISON OF ESTIMATORS WHEN THE DATA RECORDS HAD 20 SAMPLES; THE
VALUES SHOW THE NUMBER OF TIMES THE MODEL ORDER k WAS CHOSEN IN
1000 REALIZATIONS BY THE RESPECTIVE ESTIMATORS; THE SNR FOR
THE THIRD SINUSOID IS =5 dB; THE CORRECT MODEL ORDER IS 3
M=2, N=20

k | thoym [ g
[ 13 [ 12 25
2] 23 | 108 | 105 | 209
3| 732 | 557 | 546 | 645
4] 104 [ 115 [ 135 | 72
5] 68 87 | 76 34
6
7
8

)y | Mmin

is the symmetric estimator, rfigym (M, L), where M denotes
the total number of available data records, and L the number
of estimation data records. (For instance, when M = 2 and
L =1, meym(2,1) is given by (13).) The other estimator will
be the sequential estimator, 1fgeq(M, L) (When M = 2 and
L =1, Mmgeq(2,1) is given by (10).)

IV. THE GENERAL-DATA-RECORD CASE

When there are more then two data records, we have
different possibilities in partitioning the data set into estimation
and validation subsets. This partitioning is very important and
deserves special attention. It will be investigated in Section V.

Before addressing the general case of M data records, we
consider the problem when there are only three sequences y,
yo, and y3. To find f(ys|yz,y1, My), we write as before

f(Y3\Y27Y1,Mk)
:/ f(Y319k~,YZaYI7Mk)'f(9k|Y27Y1-,Mk)d9k

[ST8

where

|2HTH,|?

(27r<72)§
1 712\ o 5(1.2)

exp —5(;5(9k—9k ) 2HTH, (0, - ')

fOrly2, y1, M) =
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and

- 1 -1
f(y3l0k,y2,y1, My) has a form similar to f(y1|0k,y2, Mx)
in (7). After some algebra, we find that

1 /1
exp {_F (g}ﬁTPkm

1 1 1
+ EygTPkyz - gygTPky;; + §Y1TPkYZ

b

f(yslyz, y1, M) x (%)

2 2
— 3Y1Pkys - §y§Pky3)}. (15)

Thus, from (15) we deduce that the sequential estimator is
Mseq (3, 2)
= arg {mkin (—2y1TPky3 - 2)’5?/@}’3 + Y1TPkY2
+ %Y{Pk)ﬁ + %ygTPkyz - y; Prys +3ko’In g) }
(16)

After symmetrization, i.e., taking each possible combination
of data records for estimation and validation, the following
estimator is obtained

Msym(3,2) = arg {mkin (—2y1TPky2 - nyPky;;
3
— 2y PLy; + 6ko?In 5) } W)

Next, we derive the expression for f(ys,y2|y1, Mi). Note
that

flys, yoly1, Mi) = f(¥slyz, y1, Me) f(y2ly1, Mk).

Since the two terms on the right-hand side have already been
evaluated, we easily find that :

k
1\* 1 /2
f(y3, y2ly1, M) o (5) exp{,ﬁ(gy?Pkyl

1 1 2

— ~yIPry2 — -yIPLys — ~yi Piys
3 3 3
2 2

—glePkYB, - gszPkY;s) }

Therefore
Mseq(3:1)
= arg {mkin (—2y{ Pry2 — 2y1 Prys — 2y; Prys

+ ZY{PkYI - y?Pkyz - ngkyg + 3ko%In 3) }
(18)

and
sym((3,1)) = arg-{mkin (~2y{Piy2 — 251 Pyys

— 2y3 Prys +3ko®In3)}. (19)
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In a comparison of (16) and (18) it is not easy to see the
difference between the two estimators, while in comparing
(17) and (19), we notice that the estimators differ only in the
penalizing term. The data terms in (17) and (19) represent all
the combinations of crosscorrelation between the data records
in the signal subspace, while the autocorrelations are excluded
as before.

For a given M > 3 we may construct A/ — 1 different sym-
metric and sequential estimators, depending on how many data
records will be used for estimation and validation.* In general,
the derivation closely follows the lines of reasoning for the
two- and three-data-record cases. It is given in Appendix A.
It is shown that

M
titsym(M, L) = arg § min | =Y "y Pi(y™ —y;)
=1
M(M —
+ k—]E/IL—LL)UZ In %) }

where

M
y*M=3"y;.
i=1

Another form of this estimator that will be convenient for
later use is

~ . 7
Tsym(M, L) = arg {mk}n (—y(M) Py

MM~ 1) o?ln M

ML (20)

M
+> yIPry; +k

j=1

An interesting and obvious property of sy, (M, L) is the
following:

Property 1: The data term is not a function of L.

Another property that is related to the penalization term,

MM - 1)02 In M

PIM,L) = k=0 n

is

Property 2: The penalization function P(M, L) for fixed
M decreases monotonically with L.

This property can be proved readily using the inequality

Inz<z2z-1, z>1.

Thus, the most stringent penalization for overparametriza-
tion will be obtained if L = 1, and the weakest for L =
M — 1. This implies that when fewer sequences are used for
determining the initial proper prior distribution of the model
parameters, higher model order estimates will be less likely,
and vice versa.

4 Actually the total number of different sequential estimators is
ZL[:T U% But if the data records are ordered (in time, for example),
and we suppose that they will be processed in that order, then there will be
Al — 1 different sequential estimators.
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Now we turn the attention to the sequential estimator. In
Appendix A it is shown that its form is

Tiseq(M, L) = arg {mkin (—Y(M)TPky(M)

r M
+ %ym Py + kMo?In f) } 21)

The corresponding properties of this estimator are the follow-
ing:

Property 1: The data term is a function of L.

Property 2: The penalty term decreases monotonically as
L increases.

When compared to the penalty in (20), we deduce that the
penalty term in (21) is less stringent for L > 1, while for
L = 1, they are identical. This subject will be discussed further
in the next two sections.

V. STRATEGY FOR ESTIMATION-VALIDATION

There are two important questions to be addressed concern-
ing estimators (20) and (21). They are

1) Are these estimators consistent when the number of data

records M increases?

2) For fixed M, how do we choose L?

The answer to the first question is given by the following
two propositions:

Proposition 1: 1f the assumptions in Section II are true, L
is fixed, and M — oo, then the estimator (20) is consistent.

Proof: See Appendix B.

Proposition 2: If the assumptions in Section II are true,
M — L is fixed, and M — oo, then the estimator (26) is not
consistent.

Proof: The proof closely follows the proof of Proposition
1.

It can be shown that under the conditions stated in Proposi-
tion 2 the probability for underparametrization P(rh < m) —
0 as M — oo, while the probability for overparametrization
P(in > m) remains finite.

Analogous propositions can be stated for the sequential
estimator.

In Table IV some results are shown which agree with
Propositions 1 and 2. The symmetric estimators fisym(M, 1)
and "heym (M, M — 1) were examined on data generated as
in (14). M was varied from 10 to 80. The performance of
Tsym(M, 1) improved monotonically as M increased, while
that of 1gym(M, M — 1) did not.

Now we address the strategy of estimation-validation, i.e.,
the issue of selection of number of data records for estimation.
Consider first the symmetric estimators. Let

Je(M, L) = —y M Py y(D
M
+ZY?Pij +k

i=1

MM-1) . M
— —o°ln—. (22
M- g @Y
Then (20) can be rewritten as
Theym(M, L) = arg {Inkin (Jk(M,L))}, 1<k<gq

We state the following proposition:
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TABLE IV
COMPARISON OF PERFORMANCE OF SYMMETRIC ESTIMATORS;
THE VALUES SHOW THE NUMBER OF TIMES THE MODEL
ORDER k& WAs CHOSEN IN 1000 REALIZATIONS BY THE
RESPECTIVE ESTIMATORS; THE CORRECT MODEL ORDER IS 3
aym(M, 1) Tgym(M, M — 1)
kiM=10 M=20|M=40 | M=80 [ M=10 | M =20 M =40 M =80
1 0 0 0 0 0 0 0 0
2 266 80 7 0 118 16 0 0
3 668 869 968 986 627 711 752 716
4 42 36 20 14 121 130 95 126
5 18 12 4 0 68 58 61 67
6 2 3 1 0 24 44 33 34
7 4 0 0 0 19 20 33 35
8 0 0 0 0 23 21 26 22

Proposition 3: The probability of overparametrization,
Po(L), is minimized when L = 1, and the probability of
underparametrization, P, (L), is minimized when L = M — 1.

Proof: For the first part of the proof it will be enough
to show that

Po(L) < Po(L +1).
Define the events £;(L) and &£, (L) according to
Ea(L): Ju(M,L) < Ji(M, L), kE>m,l<m
and
E(L) = Ei (L)Y N Ek2(L) - N Exn (1)

=N &(L), k> m. (23)

The event of overparametrization £,(L) is then the union of
events (L), for k > m, ie.

Eo(L) = Ems1(L) U msa(L)- - UE(L)
= UZ=m+1 gk(L) (24)

First we need to show that

fkl(L) C Skl(L+ 1)7 k>m,l <m.
From (23) we have
. M
Ea(L):  —yM Pry®™ 43 yTPyy,
j=1

M(M -1 M r M
MM 1) 2y, 7 <y Pyt 1) vy,

+k ML ‘
7j=1
MM-1) ,. M
— — <
+ ML alnL, k>m,l<m
or
. M
Ea(L): —y™M PLay™ + 3 yTPhy,
j=1
MM -1 M
<(l—k)—1$/[—L)o2ln—f, k>m,l§m
where
P =P, - P,
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Note that the left hand side of the inequality is not a function
of L, while the right hand side is a monotonically increasing
function of L (see Property 2 of the symmetric estimator). It
clearly implies

E(L) CE(L+1), k>m,l<m.

Secondly, this relationship entails

Ee(L) = MLy En(L) C E(L + 1)

=M Ea(L+1) k>m. (25)

Consequently, for the event defined by (24), and using (25),
we can write

(L) = k=§n+1ek(1:) CEL+1)=Ul,, E(L+1)
or
P,(L) = P(£,(L)) < P(E,(L +1)) = P,(L+1).

The last expression implies the claim of the first part of the
proposition. The proof for the second part follows the same
lines as for the first part. o

Clearly, we have two conflicting conditions on L for mini-
mization of the probabilities of under- and overparametrization
when the minimization is carried out independently. By con-
trast, we would like to choose L when the two types of errors
are considered simultaneously. Therefore, we want to find the
probability of error, P,, defined by

Pe = Po + :Duy (26)

and examine for which L it is minimized. It turns out that the
determination of the exact form of P, is very difficult because
we have to work with correlated random variables defined by
yiTPkyj, i # j, whose density functions are unknown. For
this reason we settle for less and try to determine the upper
bound of the probability of error. Without loss of generality let
m > 1. To simplify the mathematics, we have three additional
assumptions

Plin =k >m) = P(Jms1(M, L) < Jm(M,L)) 27)
Pl =k <m)=P(Jm_1(M,L) < J(M,L)) (28)

and

P((Je(M,L) < Jn(M, L)) N (Jy(M,L) < Jn(M,L))) =0
(29)
for k > m, and [ < m. All these assumptions will be true if
Jr(M, L) as a function of £ has only one minimum when &
varies from 1 to ¢. The performance analysis of the information
theoretic criteria was carried out with similar approximations
in [17], [33], and [35].
The following random variables are now of particular in-
terest
. M
ro=—yM Priy™ 4+ ZYJTPm+1YJ
j=1

M
T
+ y(M) Pmy(M) - E y]TPij
Jj=1
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and

M
nTr y
ro = =y P y™M 4+ 3y, 1y,
=1

M

T N
+yM Py =N yIP,y;. (30)
=1

Now according to assumptions (27) and (29)

_ MM-1) . M
PO—P(TO< ML olnf
and
_ ) M(M-1) ,, M
Pu‘*fp<7u< M—1L g 1[11‘)

In order to make any progress, we need to know something
about the statistics of 7, and r,. It turns out that we can
determine their moments. To find them, we represent ry and
T, as quadratic forms, viz.

To = "S’Tpm—Hy + yTPmS’
=3Py

and
Tu = _S’TPmS’ + )7T15m-15’
= yT uy
where
9T =[y1 ¥3 'y{l]
0 P P
. P, O P
P, = . , k=m—-1mm+1
P, Pg 0
0o P, P,
. P, O P,
P, = .
P, P, 0
0o P, P,
P
P, P, 0
and

P, = Pm+1 - P

P,=P,-P,_1.

Next we state the following proposition:
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Proposition 4: The expected values of r, and r,, are given
by

E(r,)=0
and
E(ry) = M(M — 1)0LHLZ P H,.0,,.
Proof: The results follow from the identity
E(xTAx) = tr(AC) + pTAp
where 4 = E(x), and C is the covariance matrix of x. o

In addition, we shall use the following result:
Proposition 5: The I-th cumulant of r, and 7, is given by

Ky = 2741 = 1)t o2 tr(P)!

where P is equal to P, and P,, respectively.
Proof: The result follows from a theorem which states
that the /th cumulant of xT Ax is given by [18], [30]

K =271 - DI(tr(AC) + 1T A(CA) 1),

S
Now we are ready to state the following two propositions:
Proposition 6: The Cantelli upper bound of the probability

of overparametrization, P,, is given by

1

Po < |4 MO-Giiqh)
t — gy

3D

Proof: The bound is obtained by using Cantelli inequal-
ity [24], which for the random variable X states that

02

o2 4+ 22’
where 1 and o2 are the mean value and the variance of X.

In our case from Proposition 4 we have E(r,) = 0 and from
Proposition 5

PX —p< A< A>0 (32)

Ky =20 M(M - 1).

This implies that o2, = 20*M(M — 1). Since A = 22D

o?ln %, we easily determine (31) from (32) using the obtained
mean value and variance of r,,. o

Proposition 7: The Cantelli upper bound of the probability
of underparametrization, P,, is given by

1 In &
Pu<—L o >l (33
1+ M2 (n— 32 )?

A+ 355 )2

where 7 is a “partial” SNR defined by

where
2 =90THI P, H,.0,,
and
P,=P,-P,_1.
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Fig. 1 Cantelli upper bound of probability of overparametrization as a

function of L when M = 100.

Proof: The proof is similar to the previous one. We want
to determine a bound for P,(r, < A). This is equivalent to
Pu(ru —p < A — p), where g = E(r,). We can use Cantelli
inequality if x> A. From Propositions 4 and 5 we find that

= MM —1)c?
and

ol =4(M - 1)*s*0% + 2M(M — 1)o*
and the final result directly follows. o
From (31) we can conclude that
1) The upper bound of P, is not a function of the SNR;
2) For fixed L, the upper bound of P, is a monotonic
decreasing function of M; and
3) For fixed M, the upper bound of P, is a monotonic
increasing function of L. (The minimum is achieved
when L = 1))

M
When 7 > %—_JT from (33) we deduce that

1) The upper bound of P, is a function of the partial SNR,
7, and it decreases as 7 increases,
2) For fixed L, the upper bound of P, is a monotonic
decreasing function of M and
3) For fixed M, the upper bound of P, is a monotonic
decreasing function of L. (The minimum is achieved
when L = M — 1)
In Figs. 1 and 2 we show the Cantelli upper bound of P, as
a function of L and M respectively. Likewise, in Figs. 3 and
4 we show the upper bound of P,. In Fig. 4 several curves are
plotted, each corresponding to a different partial SNR. When

M
In

M-L

n>

then L basically does not affect the upper bound of P,. It
can easily be shown that this upper bound becomes negligible
when compared to the bound of P,. From the example in
Fig. 4, when L > 120, the bound becames smaller than
1 x 1073
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07 . . -

Upper bound of probability of overparametrization

0 50 100 150 200 250 300
M

Fig. 2 Cantelli upper bound of probability of overparametrization as a
function of M when L = 1.

Upper bound of probability of underparametrization

Fig. 3 Cantelli upper bound of probability of underparametrization as a
function of L when M = 100, and various SNR’s (solid line: 7, = 0.05;
dashed line: 72 = 0.06; dotted line: 3 = 0.07; dash-dot line: 54 = 0.1).

In Fig. 5 we show the upper bound of the probability of error
as a function of L for several partial SNR’s. It was obtained by
adding the upper bounds of over- and underparametrization.

The analysis of the bound of P, entails the following result.
When the partial SNR is greater than a particular threshold, «,
the best choice of L according to the upper bound is L = 1.
~ itself as a function of M decreases when M grows. As the
SNR decreases and is below ~, the optimal L that minimizes
the upper bound of P, grows.

A similar analysis can be carried out for the sequential
estimator. It should be noted that there are other approaches
that may be tried to find an optimal strategy for estimation-
validation. One of them, for example, could be based on
examination of distances among the constructed predictive
densities. The idea is to find how close these densities are
to each other as a function of L and fixed M. Intuitively,
we expect that if they are further apart, it will be easier to
discriminate the appropriate model. As a familiar measure of
“distance” (discrepancy) between two densities we tried the
divergence [19]. Although the selection of L according to the

Authorized licensed use limited to: SUNY AT STONY BROOK. Downloaded on April 30,2010 at 16:08:49 UTC from IEEE Xplore. Restrictions apply.



-

DJURIC AND KAY: MODEL SELECTION BASED ON BAYESIAN PREDICTIVE DENSITIES AND MULTIPLE DATA RECORDS

Upper bound of probability of underparametrization

100 150 200 250 300

Fig4 Cantelli upper bound of probability of underparametrization as a
function of A/ when L = 1 and SNR #; = 0.7.

Upper bound of probability of etror
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L

Fig. 5 Upper bound of the probability of error as a function of L when
Al = 100 and various SNR’s (solid line: 7; = 0.05; dashed line: 72 = 0.06;
dotted line: 3 = 0.07; dash-dot line: n4 = 0.1).

maximum divergence, would not imply that the probability
of incorrect model selection P, would be minimized [14], it
is a reasonable criterion and has been used in the literature.
For example, in [2] the divergence was similarly employed to
judge which approach was better in estimating a probability
density function, the predictive or the estimative. In pattern
recognition, for instance, it is a common practice to use the
divergence as a class separability measure in feature selection
problems when the overall probability of misclassification is
of primary interest [12]. In addition, if the divergence can
be determined, it can be used to find the upper bound of
the probability of error. When two hypotheses are based on
Gaussian densities, then [13]

1(T\ %
7.<5(7)

where J is the divergence between the densities.
The analysis based on divergence will not be presented here.
The reason is twofold: 1) it is extensive, and 2) the conclusions
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TABLE V
COMPARISON OF PERFORMANCE OF SEQUENTIAL AND SYMMETRIC
ESTIMATORS; THE VALUES SHOW THE NUMBER OF TIMES THE
MODEL ORDER & WAS CHOSEN IN 1000 REALIZATIONS BY THE
RESPECTIVE ESTIMATORS; THE CORRECT MODEL ORDER IS 3

M=50, N=20
Traym(M, L) Traeq M, L)
k(|Z=1]L=15|L=25|L=49|L=1]L=15|L=25{L=49
1 0 0 0 0 0 0 0 179
2 0 0 ] 0 1 8 23 209
K 969 864 819 739 963 753 618 166
4 30 83 100 123 34 125 161 84
5 0 32 42 67 1 58 88 70
6 1 13 19 31 1 30 41 69
7 0 4 10 20 0 12 28 91
8 0 4 10 20 0 14 41 132

are the same as given here. For details, however, the interested
reader is referred to [8].

We checked the derivations in this section by simulations
using several symmetric and sequential estimators. Tha data
model was the same as in (15) with the same parameters as
in Table I. The vector g was

67 = [0.7950.447 0.251 0 0 0 0 0]. (34)

There were M = 50 data records, each N = 20 samples
long. Table V shows the results obtained by the various
symmetric and sequential estimators in 1000 trials. Best results
yielded 7hsym(50,1) and 7i15eq(50,1). On the other hand,
the performance of 7ieeq(50,49) was extremely poor. By
extensive simulations we verified that for improved model
selection performance it was better to keep the number of
estimation sequences small and validation sequences large.
When the SNR ratio was very low, as predicted by the analysis,
the performance varied with L such that the lower the SNR,
the larger the L for the estimator with best performance.

In conclusion, from what seemed to be a subjective choice
(the number of estimation sequences), there is not much left.
The theoretical arguments and the simulation results suggest
that L should be kept small. Although, in a small range of
partial SNRs L = 1 is not the best choice, it is recommended
for use.

VI. RELATION TO OTHER MODEL SELECTION SCHEMES

It will be interesting to compare the model order estimators
from this paper to others derived using different principles.
Akaike developed a criterion (AIC) exploiting information
theoretic arguments. This criterion basically maximizes the
expected log-likelihood of a model determined by the method
of maximum likelihood [3], and is based on

J}_EAIC) = —2]n f(yl',yz'r e "yA[lék) + Zk

where ék is the maximum likelihood estimate of 6y, and k is
the dimension of the model. Applied to our linear regression
problem, this principle will yield the following estimate

Malc = arg {mkin (—y(‘”)TPky(M) + 2kM02> } (35)

It is interesting to note that it is identical to Mallows’ C,
conditional mean square error prediction criterion [23].
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Rissanen [25] and Schwarz [28] came up with a selection
rule with identical functional form using different approaches.
Schwarz took the Bayesian route using asymptotic expansion
of the posterior probability of the model,” while Rissanen set
up the problem as a minimization of the bit representation of
a signal under different models (minimum description length
(MDL) criterion.) Their selection rule rests on [34]

- k
JMPY) = 1 fly1,ya. o yalfe) + 3 InM.

When this criterion is applied to our problem, it yields
MMDL = arg {mkin (—y(M)TPky(M) +kMo?ln M) }
(36)
Now we shall establish an interesting asymptotic relation-

ship between the AIC and the symmetric estimator. If L =
M — 1, the symmetric estimator (20) becomes

Theym(M, M — 1) = arg {mkin (—y(M)TPky(M)

M
T 2
+]Z=;yj Pry;j +kM(M = 1)o% In 7o (37
For large M
In =In (1+ ): !
M-1 M-1

M-1
which implies that approximately
m(M,M - 1)
. M
= arg {mkin (—y(M) Pry™) + Z YT PLy; + kM(IQ) }
i=1

Next we want to substitute the second term in (37) by its ex-
pected value due to overparametrization. For two consecutive
models, My, and My, and k£ > m, we can write

M M
Zy;r(PkH - Prly; = ZYJTPYJ‘
Jj=1

j=1
where P is a projection matrix defined by
P =Py ~ Py
Note that it is related to P by
PP, =0.
Since
6LHI PH,.0,, =0

we have
M M
Zy]-rPyj = ZeJTPej > 0.
j=1 j=1

51t should be pointed out that Kashyap [16] and Leonard [21] did a
somewhat more general derivation than Schwarz.
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" . eTPe] . 2
The distribution of ~—* is x{. Thus
M
E Ze]rPej = Mo?.
Jj=1

This is the expected value of the difference in “penalization”
induced by ij:l y]-TPkyj between two successive models
for k > m. Going back to (37) and substituting the term
Z]-Ail y¥P.y; by the expected penalization, we find that

Meym(M, M ~ 1)

= arg {mkin (fy(M)TPky(M) + 2I<;M02> }

This is identical to (35), the AIC estimator. Consequently, for
large M we would expect that rgym (M, M — 1) and 1harc
should yield statistically comparable results. When the two
estimators were compared by extensive simulations, this was
indeed the case. This result is analogous to Stone’s [32], where
he showed that asymptotically the cross-validation criterion
and the AIC were equivalent. Note, however, that our setting
is different from that in [32].
If in (20) and (21) we substitute L = 1, we find that

Tisym(M, 1) = arg {mkm (—y(M)TPky(M)

M
+ Y y Py, + kMo®In M
i=1

(38)

and

Tiseq(M, 1) = arg {mkm (—y‘M)TPky(M)
+ My{Pry:1 + kMo*InM)}. (39)

Since the penalty for overparametrization obtained from the
second terms in (38) and (39) is always positive (on average
kMc?), it is clear that the overall penalties of these estimators
will be more stringent than the penalty of the MDL estimator.
We expect, therefore, that the lowest order model will be
chosen more likely by 7iisym(M, 1) and riseq(M, 1) than by
the MDL estimator. Moreover, from a comparison of (38) and
(39) we would expect that the symmetric and the sequential
estimator will have similar performance.

In Tables VI-VIII, simulation results are presented that
illustrate the performance achieved by all these estimators.
The same model was used as in (14) with parameters given
in Table I and (34). The number of sequences M and L
was varied. Best results were obtained by 7hgym(M,1). It
outperformed the AIC and MDL rules in all the simulations.
Note also that, as anticipated, the difference between the marc
and rfgym (M, M — 1) was statistically insignificant. In addi-
tion, 7seq(M, 1) performed almost as well as 7igym(M, 1).
The results achieved by 7itseq(M, M — 1) were completely
unreliable.
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TABLE VI
COMPARISON AMONG ESTIMATORS; THE VALUES SHOW THE NUMBER OF TIMES THE MODEL ORDER k WAS
CHOSEN IN 1000 REALIZATIONS BY THE RESPECTIVE ESTIMATORS; THE CORRECT MODEL ORDER iS 3

M=10,N =20
k T (10, 1) | gym(10,5) | riteym(10,9) | Macq(10, 1) [ aeq(10,5) | 726eq(10,9) | 7irarc | mmpL
1 1 0 0 7 19 145 0 0
2 284 177 138 312 205 226 135 167
3 643 627 603 587 477 196 607 631
4 46 92 97 59 109 104 100 89
5 21 53 78 22 73 92 71 53
6 2 21 37 7 51 66 34 24
7 2 18 24 5 39 70 30 24
8 1 L 12 23 1 27 101 23 12
TABLE VII

COMPARISON AMONG ESTIMATORS; THE VALUES SHOW THE NUMBER OF TIMES THE MODEL ORDER k WAS
CHOSEN IN 1000 REALIZATIONS BY THE RESPECTIVE ESTIMATORS; THE CORRECT MODEL ORDER IS 3

M =40, N =20
K || Freym(20, 1) | Traym(30,20) | Tigym(40,39) | Titgeq(40; 1) | mitacq(40,20) | Titeeq(40,39) | tharc | fompL
1 0 0 0 0 0 181 0 0
2 2 0 0 3 31 210 0 0
3 967 811 746 950 630 165 743 | 928
1 24 93 108 38 120 93 107 | 49
5 5 51 58 8 77 82 63 17
3 2 26 39 1 62 64 38 5
7 0 i) 25 0 41 80 25 1
8 0 8 24 0 39 125 24 0

TABLE VIII

COMPARISON AMONG ESTIMATORS; THE VALUES SHOW THE NUMBER OF TIMES THE MODEL ORDER k Was
CHOSEN IN 1000 REALIZATIONS BY THE RESPECTIVE ESTIMATORS; THE CORRECT MODEL ORDER IS 3

M =40, N =40
k|| 1ym(40,1) | Taym(40,20) | 7iteym(40,39) | Taeq(40,1) Thaeq(40,20) | 7ieeq(40,39) | Tharc | MDL
1 0 0 0 0 0 111 0 0
2 0 0 0 0 3 192 0 0
3 970 812 736 962 666 204 742 933
4 24 93 113 29 126 88 106 48
5 4 45 67 6 65 88 62 14
6 1 25 37 2 45 87 43 3
7 1 15 26 0 50 84 25 1
8 0 10 21 1 45 146 22 1

VII. CONCLUSION

In this paper, model (order) selection criteria were derived
based on Bayesian predictive densities and multiple data
records. In their derivation, the underlying principle was to
measure the models’ performances only by data which were
not used for their estimation. Several important issues were
addressed, such as consistency and choice of estimation and
validation data records. It was proved that the selection rules
are consistent when the set of data records for estimation is
fixed and the number of data records for validation tends
to infinity. On the contrary, when the set of validation data
records is fixed, and the number of estimation data records
tends to infinity, the rules are inconsistent. In addition, it was
shown that the probability of overparametrization is minimized
when the number of estimation data records is equal to one.
On the other hand, the probability of underparametrization is
minimized when the number of validation records is equal
to one. Upper bounds of these probabilities are derived.
These bounds suggest that it is better to keep the number of
estimation data records low. The asymptotical analysis shows
that the Bayes selection rule becomes equivalent to AIC if
only one data record is used for validation. In addition, if
one data record is used for estimation, the Bayes rule has a

more stringent penalty than the MDL. Extensive simulation
results are presented. They support the theoretical analysis in
the paper. Moreover, they show that the Bayesian selection
rules have better performance than the AIC and MDL criteria.

To allow mathematical tractability and insight into the
problem, we analyzed a set of nested linear models in a fairly
restrictive scenario. Most of these restrictions, however, can
be removed, and selection rules can be derived along the same
lines for more realistic cases. This is possible due to the
coherency of the Bayesian theory. For instance, the case of
nested linear models and unkrnown ¢* can be handled readily
(see [8]). Selections from more complex sets of models will
be presented in a follow-up paper. It should also be clear that
the same idea can be used to derive selection rules for the
most often encountered case in practice—when only one data
record is observed. If the data sequence is segmented in M
disjoint subsequences, we are back to the multiple-data-record
case [9].

APPENDIX A

Derivation of the General Symmetric and Sequential Estima-
tors: First the symmetric estimator is derived. Suppose that
we have two independent sequences with lengths N7 and Na,
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generated by

Y1 = HNlmgm +e; (A'l)

and

2 = Hyymbm + €2 (A-2)

where Hy,, and Hy,,, are N3 x m and N» X m matrices,
respectively, whose ranks are equal to m. (Note that we
use Nym and Nam as indices of H to emphasize that the
dimensions of the two matrices are not necessarily identical as
they were before. If it is clear that the H matrices are identical,
we shall use as an index the number of their columns only.)

Let the parameter vectors 6,,, in (A-1) and (A-2) be identical.
Now if we write the predictive density of y» according to y;
and the model M as

(yalyr, M) = /@ F(¥alfi y1, Me) f (Brly 1, Mi)dy

we obtain
[HY, (Hy,x|?
,M X +1—
f(yalys, Mi) AT,
k
1 fop=
exp {__2? (57 Pty - yTPhv) } (A-3)
where
. y1 % Hpy
— 5 H = 1
= () =)
and

- - [ -1,
Pt =1-M.(A{H) H]
-1
Py =1-Hy o (HY Hyi) HEe

Now, suppose there are M sequences, each N samples long.
If L of them are used for estimation, then using (A-3)

fIm-Llyr, M)
.1
|HT Hpel® 1 7= - STl ~
o = exp{— o (T3 Pruy e — ST PLiIL)}
[H  Harl® P
where yy—1 and yr are formed by concatenating the vali-
dation and estimation sequences respectively. Similarly, ¥ s
represents all the sequences yi, y2, -+, ya stacked in one
vector. The matrices Hjps, and Hyy are special M x 1 and
L x 1 block matrices whose blocks are identical to Hy. The
projection matrices P#;, and P, are then M x M and L x L
block matrices respectively, whose diagonal blocks are equal
to I— ;7P and I— 1 Py, respectively, and off-diagonal blocks
are +; Py and 1P respectively.
Next, note that

[H3 Hak| = [MHH|
and

|7 Hy,| = |[LHf Hy.
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Thus,

T3

HE Hylt (L
M

|ﬁ{4kﬁMk'% -

We can also show that

AT N T . 1 T
YMPry = Fim — 37y Py

where
M
yM =3y,
=1
Moreover,
T~ T 1 T
VIPLyL =1yr — 7y* Py
where

L
y 9 =3y
=1

Now, the predictive density from (A-4) can be rewritten as

M 1
Inf(Fm-clyr, M) =C+ ka? ]nf + My(M)T

1
Py — 2y Py (A5)

where C' is a constant independent of k.

We are interested in determining the number of crosscorrela-
tion terms y;-‘rPkyj for fixed ¢ and j in (A-5). Since there are
C¥, combinations of choosing the estimation and validation
sets of data records, where

Ml

L !
Cn = (M - L)LV

the term yM )TPky(M ) will yield the crosscorrelation
y;.FPkyj, C{(l times. The same crosscorrelation product will
occur in y B PLy®D), CE times for L > 2. After the
symmetrization, all the terms of the form y7 Py, will drop
out. Therefore, the selection rule will rest on

smn=—(%(4) - 1(4:2))
M

M
TP M k 2
_->_ Y; k()( ) )j) ([ )0 In L’

i=1
This may be simplified to
MM — 1)02 In M

M
J=1

Since the estimator chooses the model with minimum
Je(M, L), we finally obtain

M
(M. 1) = { i | =3 _yTRu3 0 =)
Jj=1

M(M-1) , M
+kﬂ0 lnL)}
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with

M
y 0 = Z i
i=1

The general form of the sequential estimator is easily found
from (A-4). It is

Tseq(M, L) = arg {mkin (_‘y(M)TPky(M)
' M
+ My(Lﬁ Pky(L) IESYRINEANY
L L
APPENDIX B

Proof of Proposition 1: Let

MM-1) , M

M
= _NyT (M) _ .
= Zyij(y vi)+k 0 T

J=1
where
M
y*M =3y,
7=1
Note that
1<L<M-1.
Define
AJy = Jpe(M,L) = Jn (M, L). (B-1)
We will show that
AJy
plimF(M) >0 fork#m

where F(M) is a suitably chosen function of M such that
F(M) > 0, which implies that the symmetric estimator
is consistent, since J; achieves a minimum for k£ = m.
(phm—A%‘;ﬁ > 0 denotes limps_oc ”P[|FM) ¢l > 8] =
and ¢ > 0).

Suppose first that & < m. Then (B-1) yields

MM -1) , M
M-L A

_Zy] (Pr — P (y ™)

AJ}C = (k - m)
- ¥i)-

We may write
P, =P, +P;,

where P, is a projection matrix of rank .~k and PP, =
0. Then

hz:yJT(p,c -

m) (™ —y;) = Z Y Py

i.3=1
i#£]

Since

y;i= H,.0,. + €,
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we have

Z yi PmkyJ - ( - l)gTHTPLkH 0

1¢7

+2(M — 1)0THTPJ‘kZeJ

M
Tpl
+ E e; P .e;.

ig=1
i#3

Thus
B MM -1) ,
Ay =(k—m)—r—7— In
+ M(M — )9THTP,#1,€H,”9

+2(M~10THTP;kZeJ+ Z elP.e;.
1;;]1

Now we shall show that
. 1
plnnWAJ;c > 0.

Using Slutsky’s theorem

(k—m)M(M - 1) 2
phmMzAJk = phm( ME(M - L) In L
+ ﬂﬁ—l)ﬁ HI P, H,0m
2(M

——M—QT HT P#k Z €;

E efPle;

ig=1
1]

o fE=mMM-1) , M
_phm(——————MQ(M_L) o”ln L)

+plim<M—(%§—)eTHTPLkH [ )
.| 2M
+ plim —(—M—Q—()THTP‘L,CZe,
+ plim Z el'Pl,e; (B-2)
1?]}‘]1
It is obvious that
. [ (k—=m)M(M —1) 2
e 6%
pl’m( M (M - L) L
. (k—m)M(M -1) 2 M
= S o'ln— ) =0 (B3
,\PELC( MEM - L) I (B
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and

plim<%eTHTPLkH ] >

. M( 1
= Jim_ (T)BTHTP'"kH'""m)

=0 HIPL H,.0,, = c>0. (B-4)

Next
20M -1 M

plim (—Mz—)afnﬂﬁank e | =0 (B-5)
since

9T HT Plkze, = 0,(M?) (B-6)

where O,(M?) denotes that the sequence of random variables
A= 0T HIPL, ZJ _, e; is at most of order in probability

M?. To show this, note that
E(’I‘M) =0
and
E(r)) = Mo®N,
where N; = L HLPL, H,,6,,. Applying Chebyshev's in-
equality
M02N1
P > MIN,)) < — 1
[|TM| - 2] —= MN22

If for a given § we choose Ny such that T]}'L < 6, then

PIM ~Hry| > No] <6
where 6 may be arbitrarily small. The last expression is
equivalent to (B-6).
Finally

M
1
plim-— > el Prye;=0. (B-7)

ij=1
iz

We shall show that 3%, =1 e P ej = Op(M), which will
imply (B-7). Define the random variable v as

M
v = Z el Pl e;.

ij=1
i#j

(B-8)

Its mean value and variance may readily be found using
Propositions 4 and 5. They are given by

E(v) =0. (B-9)

and
E(v - E(v))*

= E(@?) = 2(m — k)M(M - 1)c*
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Applying Chebyshev’s inequality,

2M(M —~ 1)o*(m — k)

M2N?

which implies that v = O, (M), and therefore (B-7).
Using (B-3), (B-4), (B-5), and (B-7) in (B-2) yields

plim 5 AJ,C(M, L)=6THIPL, H,.0,, =c>0.
(B-10).
Now, let k& > m. Then
MM-1) , M
A, = (k- In —
k (k‘ m) ML n 7
M
=Y ¥y Py =Py - ;)
i=1
Since £ > m
P.=P,+P
Furthermore
P{,H,, =0.
Therefore

AJk:(k—m)% 2n — ZeTP (e —ej).

M
_ MM-1) , M Tl
=(k-m) =720 n - Z_ eTP e;. (B-11)
b
Now, it immediately follows that
plim Ay =1 (B-12)

(k —m)Mo?ln %

since it can be shown similarly as for E%':l el Pl e; that
X
Mor €T PL e; = O,(M).

1_1 e
From (B-10) and (B-12) we may assert that the estimator
(20) is consistent.
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