ESE 502, Linear Systems Theory

Notes:

4 )

4 State-Space Solutions &
Realizations (Chapter 4):

4.1 Solution of Linear, Time-Invariant
Equations:

x(t) = Ax(t) + Bu(t)

then
t
x(t) = eAtx(O) —|—/ GA(tiT)Bu(T)dT

Proof: Substitute.

Note: Second term is a convolution, and using the

convolution theorem for the Laplace transform gives:
X(s) = (sI — A)"'BU(s) + (sI — A)~'x(0)
— already known, so gives alternative proof.

. J
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Notes:

4 )

Computing Matrix Exponential:
Need to compute exponential: four possible ways

1. Find eigenvalues of A , and find polynomial which is

equal on spectrum — often easiest.
2. Use Jordan form — usually complicated.
3. Power series — usually impractical

4. Laplace transform — need to compute (sI — A)~!
(a) Direct inverse — symbolic

(b) Equality on spectrum — calculate exponential
directly?

(c) Jordan form — usually complicated.
(d) Geometric series — usually impractical

(e) Leverrier algorithm (problem 3.26)
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Notes:
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Matrix Exponential Examples:
Example 4.1: Compute (sI — A)~! using a and b.

Example 4.2: Solve

0 -1 0
dx/dt = x(t) + u(t)
1 -2 1
Solution:
[ 1+te t —te?
x(t) = (1+1)e ¢ x(0)

te? (1—t)et

[ _ fg(t —7)e~Ty(r)dr
| Jolt = (¢ = )le " u(r)dr

Note that each entry of eAlis analytic.

Read Section 4.2.1

. J
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Discrete-Time Solution:
The discrete-time state equations:

Xp+1 = Ax, + Bu,
Cx,, + Du,,

Yn
have the solutions

X, = Akxo—&—Z,ﬁ;:loAk_l_mBum

yi = CAFz(0)+ Eﬁ;loCAk_l_mBum + Duy,
Again agrees with transform solution:

X(2) = (2I — A)"'BU(2) + z(2I — A)~'x(0)
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Notes:
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Algebraic (State) Equivalence (Sec. 4.3):

What happens when we choose a different basis for the
state space?

Let P be the matrix which gives the change of basis. Then

X = Px,and so
dx/dt = d(Px)/dt
= Pdx/dt
= PAx(t) + PBu(t)
= PAP7')(t) + PBu(t)
and
y(t) = Cx(t)+ Du(t)
= CP7'x%(t) 4+ Du(t)
SoA=PAP';B=PB;C=CP':D=D.

— Algebraic equivalence.

. J
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Notes:

Algebraic Equivalence continued:

Algebraically equivalent systems have the same eigenvalues
and same transfer function:

M —-A)"t = (AWPP!—pAPH)!
(P(M — A)p~1H)~!

= PO\ -A)'p!
and so A and A have the same eigenvalues, and
C(sI-A)™'B = CP'P(sI-A)~'P'PB
= C(sI-A)~'B

which shows that the two systems have the same transfer

function (matrix).
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Notes:

Transfer Function (Zero-State) Equivalence:

Zero-State equivalence: Systems have the same transfer

function.
Equivalently:
C(sI-A)™'B = CO(I-A)"'B
= 1C(I — 121)—11?3 = 1C(I — 1A)—lB
s s s s
= nz:% ﬁéﬁné = ; Sﬂ%CA"B

(expanding both sides in a geometric series) and so transfer
function equivalence is equivalent to

D = D
CA™B = CA™B
for all m.

—Weaker.
Example 4.4

Read sec. 4.3.1(complex to real) & sec. 4.3.2 (op-amp

scaling).
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Notes:

4.2 Realizations (Section 4.4):

Given G(s) , find (A4, B, C, D) with

G(s)=C(sI —A)'B+D.

Theorem 4.2: (G(s) has a realization if, and only if, G(s) is
proper.

First, suppose there is a realization, and let

Gsp(s) = C(sI — A)~'B. Then Gyp(s) has a
denominator with degree n and each term in the numerator

has degree at most n — 1. Therefore, since
G(s) =C(sI — A)"'B+ D, G(s) is proper.

Conversely, given G(s), let G(s) = Ggp(s) + G(00). In
any realization, G(00) = D, so focus on Gp(s) . Let

d(s)=s"+a1s" '+ -+ 15+ a,

be the least common denominator of all entries of G4y () .
Then

1
Gsp(s) - @ [leT_l + J\[QST_2 R o NT,18 + Nr}

where N; are ¢ X p constant matrices.

J
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Realization (continued):
Then (A, B, C) is a realization (controllable canonical
form) of G5, (), where:
—al, —aol, -+ —o,_1I, —a,l,
I, 0 - 0 0
A=1]0 1, - 0 0
| O 0 I, 0
- I -
0
B=1]0
- 0 -
and
C:[Nl N2 Nr—l NT }
A'is in block companion form, and is 7p X 7p. The state
dimensionis rp .

J
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Realization (continued):

Proof: Let
Zl(S)
1 ZQ(S)
(sT—A)'B=2(s)= |
Zy(s)

where each Z;(s)isp X p.

Then

C(SI - A)ilB = N1Z1 + NQZQ + 4 NTZT

and
(sI - A)Z =B
or
sZ =AZ +B
\§ J
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Realization (continued):
This gives

SZQ = Zl,SZ3 = ZQ, . ,SZT = Ly_1
and so

Zy=21]8,23 =71/, ..., Zp =21/}

Substitute in the first block of Z(s) to get:

sZ1 = —o1d1— agly--- —OzTZT—‘rIp

and so
d
L= (s+ait+as/s +ar/s"™") Z1 = s(f)l
Therefore,
Srfl 87’72 1
lei-[a 2 ) ';Z’r’_il
d(s) ™" d(s) ™" d(s)"*

= - (a1 +a2/s-~-+ar/sr_1) Z+ 1,

A
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Realization (continued):

Substitute in

C(SI — A)_lB = NIZI + N2Z2 R NTZT

to get
1
C(sI—A)'B=——[Nis"" '+ Nas" 2+ + N,|
d(s)
as required.

Example 4.6, p. 103.

Note: There are numerous realizations, and this is not
normally the best (or even good): there are also the
observable canonical form; combinations of SIMO;
combinations of MISO, etc., none of which is usually

minimal.

Example 4.7, p. 105; note different dimensions, so

zero-state equivalent, but not algebraically equivalent

\_
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4.3 Solution of Linear Time-Varying
Equations (Sec. 4.5):

Given a time-varying state-variable system
x(t) = A@)x(t)+ B()u(t)
y(t) = C()x(t) + D(t)u(t)
what can be said about the solution?
Note:

1. For constant A, the solution of X(¢) = Ax(t) is
eAx(0).

2. For scalar a(t), the solution of Z(t) = a(t)x(t) is
ejot a(‘r)d‘rx(o).
BUTH

The corresponding expression DOES NOT work for matrix
A(t); There is NO CLOSED FORM!!!

From the theory of ordinary differential equations, for each
initial vector x; (¢ ), there is a unique solution x; ().

\_

J

Slide 13

Notes:

13



ESE 502, Linear Systems Theory

-

Fundamental and State Transition Matrices

If X = [x1(t),x2(t),. .., X, (t)], where each x;(¢) is a
solution of the equation, then X (t) = A(t) X (t).

If the initial states {x1(t0),x2(t0), - - ., Xn(to)} are
linearly independent, then {x1 (t), x2(t), ..., x,(t)} are
linearly independent for all Z; this follows from the

unigueness of the solution.

Then X (t) is called a fundamental matrix for the equation,
and the linear independence implies that X (¢) is invertible
for all ¢.

Definition : ®(t,t9) = X (t) X (o) is called the state
transition matrix of the equation x(¢) = A(t)x(¢).
Alternative Definition: ~ ®(¢, () is the solution of

d

%‘I)(tato) = A(t)®(t, to)

with initial condition ®(¢g,tg) = I .

\_
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Notes:

State Transition Matrix Properties
Properties:
1. (I)(to,to) =1

2. (¢, tg) = ®(to, 1)
3. (I)(t, to) = ‘b(t, tl)q)(tl, to)
The solution of
x(t) = A(t)x(t) + B(t)u(t)

is given by:

x(t) @(t,to)x(to)+/t ®(t, 7)B(7)u(r)dr

= ®(t,tp) [x(tg) + / O (tg, 7)B(T)u(r)dr
and the impulse response for state equations is:
G(t,7) = C{t)®(t,7)B(r)+ D(t)d(t—T1)
= CHOXHOXY1)B(r) + Dt)d(t — 1)
= M@)N(r)+D(t)d(t—T)
\. J
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Notes:

Time-Varying Equivalence (Sec. 4.6) :

For the equation
x(t) = A(t)x(t) + B(t)u(t)
y(t) = C(t)x(t)+ D(t)u(t)

Assume a time-varying change of basis: X = P(t)x(t),
where P(t) is n x n, P(t) is invertible, and assume that

P(t) is continuous. Then

%i(t) — PO)R(t) + P()x(?)
= P(t)A(t)x(t) + P(t)B(t)u(t) + P(t)x(t)
= At)X(t) + B(t)u(t)
and
y(t) = C@t)P(t)"'%(t) + D(t)u(t)
= C()x(t) + D(t)u(?)
where
Aty = P)AQ)P@H)™r + Pt)P(t)~!
B(t) = P(t)B(t), and C(t)=C(t)P(t)™*
\_ J
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If X (t) is a fundamental matrix for the original system, then

Time-Varying Equivalence (continued)

P(t)X (t) is a fundamental matrix for the new system.

Proof:

d d )

ZPOX(1) = P@)ZX (1) +PHX()
= PAMD)X(t) + P(t)X(t)
= (P(HA(t) + P@#)P~ ()P(H)X (1)
= A@B)Pt)X ()

Theorem 4.3:

If Ag is any constant matrix, there is a P () which
transforms the system into a system with A(t) = Aj.

Proof:

Let X (¢) be a fundamental matrix of x(t) = A(t)x(t).

Then
0 = 1
d 1
= S X))
L _ %(X‘l(t))X(t)—l—X_l(t)X(t) )
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(
Time-Varying Equivalence (continued)
Therefore
d, _ ; _
priC 1) = XXX ()

~XHHAOXH)X 1)
= —X'A®t)

Now let P(t) = X ()X ~1(t) = e 0! X ~1(¢). Then

A(t) = P()A()P~L(t) + P(t)P(t)~*
eAOtX_lA(t)Xe_Aot

+ (AO@AUtX_l + ert;i(X—l)> Xe—Aot

= eMIXTLA() Xe At
+ (AOeAOtX_1 - eAOtX_lA(t)) Xe Aot
_ AOertX—lXe—Aot

Special Case: If Ag = 0,then P = X ~!(t),and A = 0,
B = X"'B,and C = CX — block diagrams.

\_

J
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Time-Varying Equivalence (continued)
Notes:

1. The impulse response
CH)X ()X Y7)B(r) + D(t)6(t — 7) is invariant
under a time-varying state transformation, since
X(t) = P(t) X (t).

2. The A matrix properties (especially stability) are NOT
preserved under a time-varying state transformation

(obvious).

3. For this reason, general time-varying state
transformations are not much use; the unbounded gains
of an unstable system can be masked by unbounded
gains in P(t)

Slide 19
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Lyapunov Equivalence :
A more useful concept is given by

Definition 4.3: P(t) is a Lyapunov transformation if, in
addition to the previous conditions, P(t) and P~1(t) are
bounded for all .

Then

1. Two systems are Lyapunov equivalent if they are related
by a time-varying state transformation P(t) where P(t)
is a Lyapunov transformation.

2. Stability, and asymptotic stability, are preserved by
Lyapunov transformations.

The most important example of Lyapunov equivalence is the
following: if a system is periodic, then it is Lyapunov
equivalent to a time-invariant system.

Proof (outline): Let X (¢) be a fundamental matrix for the
system, and let Q = X ~1(0) X (T") = €7’ then
X(t+T) = X (¢)Q (uniqueness).

Define P(t) = eA* X ~1(t). Then check that P(t) is
periodic, and so P(t) and P~(t) are bounded.

J
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Notes: To prove X(t +7T) = X(t)Q:

Xt+T)= At +T)X(t+T) = A$)X(t+T)

and )
(X(HQ) = A1) (X(H)Q)
so that X1(t) = X(t +T) and Xo(t) = X (¢)Q satisfy the same differ-
ential equation.
Also, X1(0) = X(T) and X5(0) = X(0)Q = X(T), and so X;(¢)
and X5(t) have the same initial conditions.
Therefore, X1 (t) = Xa(t), or X(t+T) = X (t)Q.
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4.4 Time-Varying Realizations (Sec. 4.7):

A time-varying impulse response G(t7 T) has a time-varying
realization if and only if there are time-varying matrix
functions M (t) (g x n), N(t) (n x p), and D(¢) (¢ X p)
such that

G(t,7) = M({t)N() + D(t)d(t — 1)
forall ¢ > 7.
Proof: One direction is obvious from
G(t,7) =CHXt)X ' (1)B(r) + D(t)s(t — 7)
For the other direction, use M (t) = C(t) X (),
N(r)=X"Y7)B(r),and A = 0 (and so X (t) = I).
Do example 4.10

(Note requirement to have solution functions available

anyway.)

. J

Slide 21

Notes:

21



ESE 502, Linear Systems Theory

5 Stability (Sec. 5.2):

Definitions :

1. Afunction f(t) is bounded if there is a constant K such
that | f(t)| < K for all ¢.

2. A system is bounded-input, bounded-output (BIBO)
stable if every bounded input produces a bounded

output.

3. Afunction f(t) is absolutely integrable (or f(t)eL1, or
f(t)eLy(—o0,00))if [ |f(t)] dt is finite.

Theorem 5.1: A linear, time-invariant system is BIBO stable
if, and only if, its impulse response h(t) is absolutely
integrable, i.e., h(t)eL.

Slide 22
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Stability (continued) :

Proof: Let u(t) denote the input, and y(t) the output. For
one direction, assume that the input is bounded by K, and
that h(t)eL;. Then

ly(®)]

‘/: u(t — 7)h(r) dr

< /_OO lu(t — 7)h(r)| dr

< K/ \h(r)| dr

which is finite, and so y(t) is bounded.

Conversely, assume that ffcoo |h(¢)| dt is infinite. Then let
u(t) = sgn(h(—t)). Then u(t) is bounded by 1, and
y(0) = [ |h(t)| dt is infinite. Therefore, a bounded
input gives an unbounded output, and so the system is not
BIBO stable.

Notes:
1. Extends easily to matrices.

2. f(t)eLy implies limy_.oc [, | f(7)| dT = 0, but not
that f(t) is bounded.

~N

J
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Stability (continued) :

Theorem 5.2: If a system (LTI) is BIBO stable with impulse

response g(t), its response y, (t) to e7“0tU (t) satisfies

lim (yq(t) — G(jwo)e’") =0

t—oo

Proof:
G (jwo)e?“ot — y, (1)
= elwot /OO g(T)e_j‘”‘)T dr — /t g(T)ej‘UO(t_T) dr
0 0
= elwot /OO g(T)e 7T dr
t
and so

lim (G (jwo)e?t — yu(t))

t—oo
tlim <6j‘”°t/ g(T)e 9w d7>
—00 ¢
= 0

Slide 24
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Stability (continued) :
In particular:

1. response y4(t) to a unit step U (¢):

lim y(t) = G(0)

Jin
2. response y(t) to cos(wot)U (t):
Jim (y(t) — |G (jwo)| cos(wot + 6)) = 0
where ¢ = /G (jw).
3. response y(t) to sin(wot)U (t):
Jim (y(t) — |Gjwo) | sin(wot + ¢)) = 0
where ¢ = /G(jw).

In other words, if a linear, time-invariant system is BIBO
stable, there is a steady-state sinusoidal response to a
sinusoidal input, with gain |G (jwo )|, and phase-shift
¢ = LG(jwo).

\_
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Notes:

~N

Stability (continued)

Theorem 5.3: If a LTI system has a (proper) rational transfer
function G(s), then it is BIBO stable if, and only if, all of the
poles of G(s) are in the left half-plane, i.e., all poles have

real part < 0.

Proof: By partial fraction expansion, the impulse response
is a finite sum of terms of the form tFes#¢. Let op be the
real part of sp,; then [t*e*r!| = t*Fe»! and [ tFe ! dt

is finite if, and only if, o, < 0.

These properties extend directly to multi-input, multi-output
systems, by looking at each entry in the transfer function

matrix.
Example 5.1: Note non-rational transfer function.

Note (relevant to next topic): If G(s) is the transfer function
of a state-variable system, each pole is an eigenvalue of the
A matrix; so if all eigenvalues of A are in the left half-plane,

the system is BIBO stable, but the converse may not be true.

Example (Discrete time): Cascade of two systems: the first
with transfer function =% /(1 — 22~1), and the second
with transfer function 1 — 2271

. J
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5.1 Internal Stability (Sec. 5.3):

For the equation
x(t) = Ax(t) = x(t) = e?'xq
1. Marginal Stability means: for every initial condition Xg,
there is a constant K such that ||x(¢)|| < K for all ¢.

2. Asymptotic Stability means: for every initial condition
X0, limy_ o [|x(2)]] = 0.
Theorem 5.4 :

1. Marginal stability <= for each eigenvalue A of A,
R(A) <0, andif R(A) = 0, A is a simple root of the
MINIMAL polynomial.

2. Asymptotic stability <> for each eigenvalue A of A,
R(N) < 0.

Proof : Transform to Jordan canonical form.

Example 5.4

Note that asymptotic stability of a state-variable system —>
the system is BIBO stable.

\_

Read discrete-time case.

J
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the equation

\_

Lyapunov Theorem (Sec. 5.4) :

Terminology: A is stable <= R(\) < 0 for every

eigenvalue )\ of A.

Theorem 5.5 : A stable if, and only if, for any given positive
definite matrix NV, the Lyapunov equation

AM+MA=-N

has a unique symmetric positive definite solution M .

Corollary 5.5 : A is stable if, and only if, for any given
m x n matrix No with m < n and rank(O) = n, where

No
NoA
O =

NoAn—l

A'M + MA = —N}N,

has a unique symmetric positive definite solution M .

Slide 28

Notes:

28



ESE 502, Linear Systems Theory

-

such that

solution is

0

Lyapunov Theorem continued

Proof: Necessity: Assume A is stable; by substitution, the

o0 2
M = / eAtNeAtdt
0

which is clearly symmetric and positive definite.

A and A’ have the same eigenvalues, and so, if
R(A(A)) < 0 for every eigenvalue A of A, \; + A, # 0.
Therefore the solution M is unique for any IV.

For the corollary, the solution is also unique, and is given by

M = / AN NoeAtdt
0

If this is not positive definite, then there is a vector x # 0

x' Mx

x' (/ eA/tNéNoeAtdt) X
0

[e.°]
/ || NoeAtx||2dt
0

~N
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Then Nyetx = 0 for all
differentiation, Ny A¥x =

Sufficiency : Assume that

Note that Ax = \x =—

—x"Nx =

and so R(A) < 0.

\_

Lyapunov Theorem continued

t, and, by successive
0 for all k. Therefore Ox = 0,

and so O does not have rank n.

AM+MA=—-N

with N and M positive definite. Let A be an eigenvalue of

A and x the corresponding eigenvector.

x*A" = x*A* = \*x*. Then
x* A’ Mx + x* M Ax

(A" + )x"Mx

2R(AN)x* Mx

Slide 30
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Lyapunov Theorem continued

For the corollary, () < 0, and if R(\) = 0, then
x*N§Nox = 0, and so Nox = 0. Since x is an
eigenvector of A,

N() N()X
N()A )\Nox

X = =0
N()Anil )\nilN()X

and so O is not rank n.

are two solutions, denote the difference by M ; then
A'M + MA = 0. Then, for all ¢

0

/ AU A'M + MA)e™ dt
0

] d ,
/ E(eA tMeAt) dt
0

eA/tMeAt|8°

= 0-M

kand so M = 0, as required.

Note: can also prove unigueness by using integral: if there
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Discrete-time Lyapunov equation (Sec. 5.4.1)
Read discrete-time case.

Note that the Lyapunov equation is

M—-AMA=N
and that its solution is

M = i (A'ym N A™

m=0
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Stability of Linear Time-Varying Systems (Sec. 5.5)

1. BIBO stable <> there is a constant K such that
]Zo lg(t,7)|dT < M forall t and to.

2. Zero-Input response is marginally stable < there is a
constant K such that ||® (¢, to)|| < M for all ¢ and to

3. Zero-Input response is asymptotically stable
< limy_o0 || (2, 20) || — O forall to.

Do Example 5.5.

under a Lyapunov transformation.

Proof: If &1 (¢, 7) and P2 (¢, 7) are the state transition

matrices of the two systems, then
Oy (t,7) = P(t)®2(t, 7)P~1(7), and the theorem

follows from this.

Note: for LTV systems, asymptotically stable does not imply
BIBO stable.

\_

Theorem 5.7: Marginal and asymptotic stability are invariant

J
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6 Controllability & Observability
(Chapter 6):

The equation
x(t) = Ax(t) + Bu(t)

is controllable, or the pair (A, B) is controllable, if for any
initial state x(0) = xo, and any final state x1, there is an
input u(t) and a time ¢ such that x(0) = x and

X(to) = X1.

In other words, controllability means that we can drive any

state to any other state by using an appropriate input.

Look at figure 6.1 and examples 6.1 — 6.3 (figs. 6.2 — 6.3).
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Controllability Characterizations
Theorem 6.1: The following are equivalent:
1. (A, B) is controllable

2. The matrix

t
W.(t) = /eATBB’eA,TdT
0

t
_ / eA(t—T)BB/eA'(t—T) dr
0

is nonsingular for any £ > 0.

3. The controllability matrix
C =[B,AB,A?B... A"~ B] (n x np) has rank n

4. The matrix [A — AI, B] (n X (n + p)) has rank n at
every eigenvalue A of A (and so has rank n for all \).

5. If, in addition, A is stable, then the unique solution of
AW, + WA = —BB’

is positive definite, where W, = W_(c0) above (the

controllability Gramian).

\_

J
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Controllability Characterizations (continued)

Proof:
(1<2) W.(t) nonsingular = controllable: given x( and
X1, and the solution

t
x(t) = eAtx(O) + / eA(tff)Bu(T) dr
0

the input
u(t) = —B/eA =D =1(¢)[eArxo — x4] wil
drive X to X1, by substitution.

(1=-2) First W,(t) is singular if, and only if, there is a
vector X # 0 such that

o
Il

t
/1X’eA(“’T)BB’eA/(“*ﬂxdT
0
tl ,
= / ||B'e " =")x||2 dr
0

and so W, (t) is singular if, and only if, there is a vector
x # O such that x’eA("'=7) B = 0 for all 7.

\_

J
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(1<=2 continued) Now controllability implies that there is
an input u(t) which takes e~ 4% x att = 0to 0 at
t = t1, thatis,

ty
0:x+/ A7) Bu(r)dr
0
and so
ty
0 = x’x+/ x'eA=7) Bu(r)dr
0

[1xII* +0

and so x = 0, a contradiction.
(2<=>3) From the previous part, W, is singular if, and only

if, there is a vector X’ # 0 with x’e* B = 0 for all t.

Now if p(C) < n, there is a vector x # 0 such that
x'C = 0, and then, by the Cayley-Hamilton theorem,
x'A* B = 0 for all k. Therefore x’eA* B = 0 for all ¢.

Conversely, if x'eA* B = 0 for all ¢, then X’ A* B = 0
for all k by differentiation, and so x’C = 0.

. J
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(3<=4) It p([A — M\, B]) < n, there is a vector x # 0
suchthatx'[A — A\I, B] = 0. Then x’A = Ax/, and
sox’A¥ = \*x'. Also, x' B = 0, and so x'C = 0.
Therefore p(C) < n.

Conversely, if p(C) = n — m it will be proved that

there is a nonsingular n. X n matrix P such that
A=PAP 'and B = PB, and

_ A, A
A _ 12
0 A,
_ B,
B =
0

where A is m X m. Now let X be a left eigenvector of
Ag with eigenvalue A1, so that xj Az = A1x].

Then x” = [04,—m, X}], is an n—dimensional
eigenvector of A, and x'[A — A\ I, B] = 0, so that
p([A =M1, B)) <n.

(2<=5) W, nonsingular <= Lyapunov condition: this
follows from Lyapunov’s theorem (Corollary 5.5).

kLook at example 6.2, and especially 6.3 and 6.4 )
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For each column by, of B (with p(B) = p), let ft,,, = # of
columns in the set {bm, Ab,,, A%b,, ... ,A”_lbm}
which are linearly independent of columns to their left in C.

Controllability Indices

This set of columns must be of the form
{bm, Abp,, A%by, ..., A Tlb,, b

The u,,, are called the controllability indices, and their max
is called the controllability index, i.e., ;1 =smallest integer
such that p(C,) = p([B, AB, ..., A*"'B]) = n.

Note: n/p < p < min(fi,n — p + 1) where 7i is the
degree of the minimal polynomial and p(B) = p.

Corollary 6.1: (A, B) is controllable
< p(Ch—pt1) = p([B,AB,..., A" PB]) =n,
where n is the dimension of A, and p = p(B).

Theorem 6.2: Controllability is preserved under an
equivalence transformation: B = PB,and A = PAP~!
gives C = PC.

Theorem 6.3: The controllability indices are invariant under
equivalence transformation and reordering of the columns of
B — so intrinsic property of system.

. J
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6.1 Observability (Sec. 6.3):

Definition: A set of state equations is observable if, for any
unknown initial state x(0), there is a finite time ¢1 such that
knowledge of u(t) and y(t) over the interval [0 : #;]

determines x(0).

Since
t
y(t) = Ce?tx(0) + C/ e~ Bu(r) dr + Du(t)
0

the only unknown part is C'eAtx(0) = y(t); we will work
with this, and define observability to mean that x(0) can be
determined from the zero-input response

y(t) = Ce?'x(0) over a finite time.

Theorem 6.4: Observability is equivalent to
t1 ,
W,(t1) = / eATC'CeAT dr
0

being nonsingular for any t; > 0.

\_
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Observability (continued):

Proof:
t1 , t1 ,
(/ AT CeT dT) x(0) = / eATCy(r)dr
0 0
and so if W, is nonsingular, we can solve immediately for
x(0).

Conversely, if W, is singular, there is a vector xg % 0 such
that 0 = x{ W, (t1)%o.

Therefore

ty
’
0 = / xpe TC' CeNxg dr
0

t1
/ | CeAmso|[2dr
0

and so Cet'xg = Oforall tin [0,¢;]. Then y(t) is zero
for x(0) = xg and for x(0) = 0, and so x(0) can not be
determined from y (¢).

Theorem 6.5 (Duality:) (A, B) controllable <= (A’, B’)

observable.

Proof: Take transpose.

~N

J

Slide 41

Notes:

41



ESE 502, Linear Systems Theory

4 )

Observability (continued):

Therefore all the corresponding criteria hold for observability,
and observability indices can be defined and have the same

properties as controllability indices.

In particular, the system is observable if and only if the
matrix

C
CA

CAm—l
has rank n for some m. For m = n, this matrix is called the

observability matrix, and is denoted by O.

As before, the Cayley-Hamilton theorem implies that the

rank can not increase for m > n.

In the single-output case, the rank can not be n for m < n,
and so we always take n = m, but in the multi-output case,
the rank may be n for some m < n.

. J
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Observability (continued):

The observation problem can also be solved in principle by

taking successive derivatives: then the equation becomes

C y(0)
0,,x(0) = oA x(0) = y'©)
cAm—1 y(mfl)(o)

and so x(0) can be determined uniquely from y(¥) (0) for
0 <k <n—1provided p(O,) =n

— not useful in practice.
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Notes:

\
6.2 Canonical Decomposition (Sec. 6.4):
Recall: If X = Px,then A = PAP~': B = PB,
C=CP ' andC=PC,andO =0P L.

Theorem 6.6: If
p(C) = p([B,AB,... A" 'B]) =n; <n

then by choosing P~ = [q1,Q2, - - Qny» Qny 15 - - - An)
where the first ny columns are linearly independent columns

of C, and the remaining columns are arbitrary, except for
invertibility of P, we get a system of the form:

- Ac A12 = Bc
A - B =
0 A: 0
¢ - [e o]
and the n — dimensional equation
x(t) = Ax(t)+ Bou(t)
y(t) = C.x(t)+ Du(t)

is controllable and has the same transfer function matrix as

the original system.

J

Slide 44



ESE 502, Linear Systems Theory

Canonical Decomposition continued

Proof: By assumption, all of the columns of C are linear
combinations of [q1, q2, - - - Qn, |- Also, the k-th column of
Ais given by the representation of Aqy in terms of

[a1, 42, - ).

Now, for 1 < k < nq, each Aqy is linearly dependent on
[41, - - - An, ], and linearly independent of [, 41, - - - An)-

To see this, first assume that qy, is a column from the matrix
[B,AB, ... A" 2B]; then Aqy is a column from the
matrix [AB, A%2B, ... A"~ B], and all of these columns

are linear combinations of [q1, q2, - - - x, ] by construction.

Otherwise, qy, is a column from the matrix [A™~! B]; then
Aqy, is a column from the matrix [A™ B], all of whose
columns are linear combinations of the columns of C by the
Cayley-Hamilton theorem, and so of [q71, . . . Qpn, |-

It follows that the first 7 columns of A have zeros in the last

n — n1 rows, which gives the form of A.

4 )

. J
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Canonical Decomposition continued

which gives the form of B.

calculation, we get

C — BC ACBC
0 0
| C. AmB,
0 0

The columns of B are the representations of the columns of
B in terms of the q;; but the columns of B are columns of
C, and so are linear combinations [q1, q2, - - - Qn, |- As

before, this implies that the last n — nq rows of B are zero,

Next, the smaller system is controllable: by direct

Ar—1B,

0
Ar-1B,
0
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Canonical Decomposition continued

Now, by the Cayley-Hamilton theorem, the columns of
AICCBC for k > m are linearly dependent on the columns of

C,, and so
C. AmB. ... A" 'B,
p(CC) = P
0 O ... 0
= p(C)
= p(C)
= m

and since the dimension of the smaller system is 11, the
smaller system is controllable.

Equality of the transfer function matrix follows by direct
calculation, using the fact that the inverse of a block upper
triangular matrix is block upper triangular, with the block

inverses on the diagonal.
Theorem 6.06: Corresponding observability theorem.

Do example 6.8.

\_

~N
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Xco
Xco

Xzo

the form (Kalman decomposition):

XCO

Canonical (Kalman) Decomposition continued

Theorem 6.7: Every state-space system can be

transformed by an equivalence transform, into a system of

Bco
Bc6
u

0

0
Xco
Xco
Xzo
Xzo

+ Du
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Canonical (Kalman) Decomposition continued

where

Ao 0 Az 0
A1 A Azz Ax
0 0 Az, O
0 0 Ayz Ags

and the vector X, is controllable and observable, etc..

A:

Also, the state equation is zero-state equivalent to the

controllable and observable (minimal) equation:
Xeo = AcoXco t+ Beotl
y = CioXeo+ Du
and has the same transfer matrix.
Proof: put previous two theorems together.
Look at
e diagram on p. 163

e MATLAB function minreal on p. 164; calculates the
above decomposition.

e example 6.9
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7 Chapter 7: Minimality and

Coprimeness:

Will work with single-input, single-output system, and

fourth-order example.

Definition: A system is minimal if there is no system of

lower dimension with the same transfer function.
Assume a strictly proper transfer function:

N(S) b153 + b282 + b38 + b4

g(s) = =

D(s)  s*+4a1s® 4 azs? +azs + ay
Letv(s) = D™ 1(s)u(s); then D(s)v(s) = u(s) and
y(s) = N(s)v(s).

Define state variables by:
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Minimality and Coprimeness continued:

Then, by direct substitution,

X = Ax+ Bu
—a1 —Qa2 —az —a4 1
1 0 0 0 0
= X +
0 1 0 0 0
0 0 1 0 0
y = Cx= [ by by b3 by ]X

Direct calculation shows controllability matrix is upper
triangular with ones on the diagonal; so this realization is
always controllable — controllable canonical form.

\_
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Minimality and Coprimeness continued:

Theorem 7.1: This realization is observable if, and only if,
N (s) and D(s) are coprime.

Proof: If not coprime, let so be a common root. Let

x = [s3, 53, 50,1]’. Then N(s9) = Cx = 0. Also,
Ax = s0x, and so A¥x = sfx, for all k. Then

C c
CA s50C
Ox = X = x=0
CA? s3C
CA3 sC

So the system is not observable.

Converse: assume the system is not observable. Then there
is an eigenvalue s and eigenvector x with

A*SOI
c

x=0

and so Ax = sox which implies that x = [s3, s2, 50, 1],
and so Cx = N(sg) = 0. Also, D(sg) = A(sp) =0,
and so N (s) and D(s) are not coprime.

J
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Minimality and Coprimeness continued:

Theorem 7.2: A system is minimal if, and only if, it is
controllable and observable, and then deg(g) = dim(A).

Proof: If the system is uncontrollable or unobservable, then

it is not minimal, from chapter 6.

Conversely, given a realization of order n with

p(0) = p(C) = n, OC is invertible. Assume there is a
realization of order m < n. Then C'A* B is the same for
both realizations, and so OC is the same for both. But for
an m-dimensional realization p(OC) < m —a

contradiction.

For the degree of g: N(s) and D(s) are coprime if, and
only if, the controllable canonical form is observable; since
all minimal realizations are equivalent to the controllable
canonical form (next theorem), the result follows.

\_
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Minimal Realizations:

Theorem 7.3: All minimal realizations of H (s) are
equivalent to each other, and so to the controllable canonical

form.
Proof: given two minimal realizations,
oCc = OC
OAC = OAC
and O, O, C, and C are invertible, since both are
controllable and observable.

Let
P=0"'0=CC
then
p'=0"'0=cC!
Therefore C = PC, and the first column of this equation
gives B = PB. Similarly, O = OP~! gives
C=cCcpt

\_

4 )
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Minimal Realizations continued:

Since
0OAC = 0AC
it follows that

1

A=0'0ACC ' = pAp!

as required.

Note: H = OC and H; = O AC involve only the transfer
function (next slide), and every minimal realization defines a
factorization of H such that A = O~ H;C~!. The above
proof implies that every minimal realization comes from such

a factorization.
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7.1 Markov Parameters and Hankel Matrices:

Recall that, if h(s) is the transfer function of a single-input,

single-output state-variable system, then
h(s) = C(sI—-A)"'B+d

= d+)» CAF'B/s

k=1
= St
k=0
where hg = d and, for k > 1
hy = CA*'B

The hy, are called the Markov parameters of the system
and, in the discrete-time case, are the impulse response.

\_
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Hij =

and

\_

hi
hita

hito

h;

it then follows that

occurs for Hy 5,

Markov Parameters continued

If we now define the Hankel matrix:

hi+1 hi+2

hive  hiys

hits

hjy1 hjyo

OC = Hl,n
OAC = Hy iy

hjia

hjta

hoj_;

It follows that a SISO system has a finite-dimensional
realization (or that h(s) is a proper rational function) if, and
only if, p(H1 ;) is bounded for all j, and that the dimension
n of the minimal realization is this upper bound, which
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Markov Parameters continued

Also, all minimal realizations can be found by factoring H

Hy = M1 Ms
and then
d C 1 0 1 0
= 0,n
B A 0 M;* 0 M;*

and M7 = O and My = C.
Examples:

1. The factorization H ,, = I H; ,, gives the observability

canonical, or companion, form.

2. The factorization H ,, = Hy ;I gives the

controllability canonical, or companion, form.

3. The factorization H1 5, = LU (when it exists) gives a

tridiagonal form.

4. Singular-value decomposition gives a “balanced” form.

\_

4 )
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(8 State Feedback (Chapter 8):

Single-input linear state feedback is defined by replacing the
input u by u = r — w7y, where r is the external input, and
u1 = kx, where k is a row vector, is the feedback. Then

the system becomes (assuming d = 0)

x = (A-Dbk)x+br

y = Cx
Theorem 8.1: (Af,b) = (A — bk, b) is controllable if,
and only if, (A4, b) is controllable.

Proof (for n = 4): If C is the controllability matrix for
(A, b), the controllability matrix for (A, b) is

C; = [b,(A — bk)b, (A — bk)?b, (A — bk)*b]

1 kb —kAsb —kA%b
T e B e L

0 0 1 —kb

0 0 0 1

from which controllability follows.

~N
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State Feedback continued:
Example 8.1: State feedback does not preserve
observability.

Theorem 8.2: If a system is controllable it can be
transformed into Controllable Canonical Form by the
transformation X = Px with

Q=r"
1 a1 Q9
0 1 «
= [b 4b A% A% | '
0 0 1
0 O 0
giving
—Q —Qp —Q3 —0Q4
1 0 0 0
AC: abc:
0 1 0 0
0 0 1 0

(Here the characteristic polynomial of A is
A(s) = st + a18® + ags? + azs + ay)

o O O

ag

Q2
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State Feedback continued:

Also
B183 + Bas? + B3s + Pu
st 83 4+ as? 4+ azs 4+ ay

g(s) =
where

ce=| B B Bs B ]

Proof: Let () be as above; then the first column of @) is b,
and so the representation of b in terms of [q1, Q2, . . . Qy)
is [1,0,0...0]". The k-th column of A is given by the

representation of Aqy in terms of the q;. But the columns

of () satisfy:

q = b
q2 = Oélb+Ab
qs = asb+a;Ab+ A%

So Aqs = q3 — asb = q3 — asq;, etc,, to give the
Controllable Canonical Form.

Transfer function: done previously, in realization discussion.

\_

J

Slide 61

Notes:

61



ESE 502, Linear Systems Theory

State Feedback continued:

= ~—1 =, . . .
Note: P = CC , where C is the controllability matrix of
the Controllable Canonical Form, and C is the controllability
=—1
matrix of the original system; thus Q = CC , and so the

matrix
1 o oy ag
0 1 a1 a9
0 O 1 o
0 0 0 1

must be the inverse of the controllability matrix of the
Controllable Canonical Form.
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Pole Placement:

Theorem 8.3 (Pole placement): If a system is controllable,
then state feedback can assign the eigenvalues of A

arbitrarily (subject to complex conjugates), i.e., by choosing
k, the characteristic polynomial of A — bk can be made to

have any value.

Proof: Transform the original system to CCF by x. = Px.
Then A, = PAP~ ! and b, = Pb. Also
u=r—kP 'x.=1r —k.x,.

Therefore A, — bk, = P(A — bk)P~!, and so
A, — bk, and P(A — bk) P~ have the have the same

eigenvalues and characteristic polynomial.
Now, in the CCF, given a desired characteristic polynomial

4 3 2
§"+ag18” + Qg 28" ... Qg4

let

k(::[a,m—al Qgo — 02 ... ozd74—oz4}

\_

~N
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Pole Placement continued:
Then A, — b k. is also in CCF, with first row
[~g1 —aqp2 —ag3 —agal.

Therefore, the denominator of the transfer function is
4 3 2
§* 4+ qg,18” + g28" + q38 + Qg4

as required.

This also gives an algorithm for finding the feedback vector:
ifa’ = { Qg1 — Q1 ... Ogp— Oy } is the
difference between the desired denominator coefficients and
the original coefficients, the feedback vector is

- —1

1 a1 as -+ Qupo1
0 1 a1 -+ «Qp_o
k=a c!
0 O 1 oy
10 0 0 1]

where C is the controllability matrix of the original system.

\_

4 )
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Pole Placement continued:

Note:

1. Since the numerator coefficients of the transfer function

are given by the output coupling vector of the CCF (that
is, by C.), and C' is unaffected by state feedback, it
follows that the numerator, or equivalently, the
zero-locations, of the transfer function can not be
changed by state feedback.

. The feedback gain vector can also be found by using a

Lyapunov equation, provided the desired polynomial has
no roots in common with the original polynomial
(procedure 8.1 and theorem 8.4).

. The choice of pole locations is usually a compromise

between many criteria such as response speed,
overshoot, driving energy, saturation of states, etc.; it

usually requires both exerience and trial-and-error.
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8.1 State Estimation (Sec. 8.4):

If a system is observable, then, in principle, the state can be
determined from output.

How, in real time?
— State estimator.

Essential if we can not observe all state variables, or if we

want to use output feedback.

Estimator Idea: Set up a system to match the original
system, and then set up a feedback loop to correct for

deviations (closed-loop estimator, figure 8.6);

State equation for estimator system:

X, = Ax.+bu+1(y —cx.)
= (A-le)xe + bu+lex
= (A-le)x. +bu+ly

— dual to state feedback.

\_
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State Estimation continued:

The error is:

e =X—X,
Differentiate and substitute to get

ée=(A-lc)e

So, provided the system is observable, we can get arbitrary
eigenvalues for the error dynamics, and so can tailor its
dynamic response; the initial unknown error can be made to
decay arbitrarily rapidly (subject to real-world constraints). If
the estimator time-constants are much faster than the
time-constants of the original system, the estimated state

will track the actual state well.

Again, this estimation vector 1 can be found using a

Lyapunov equation, provided there are no common roots.
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feedback system.

estimator, are:

X Ax — bkx, + br

These can be combined as

. A —bk
Xtot =
lce A-1lc—Dbk
y = [ c 0 :|Xtot

8.2 Separation Theorem (Sec. 8.5):

Xtot

Theorem: Using the output of a state estimator, instead of
the actual state, as input for state feedback changes neither

the transfer function nor the eigenvalues of the state

Proof: The state equations for the full system, including the

X = (A-le)xe +b(r —kxe) + lex

b
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Separation Theorem continued:

The eigenvalues are not obvious in this form, so use the

equivalence transformation:

x| | x B I 0 X
e X — X I -1 X,
Then
I 0 1
P = =P
I -1

and the transformed state equations are:

b'e A — bk bk b d b
— J'_ r
é 0 A—-1lc||e 0
X
Yy = c O
e of’
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Separation Theorem continued:

Since the A matrix of the overall system is now block
triangular, its eigenvalues are the union of the eigenvalues of
the diagonal blocks, and so the eigenvalues of the state
feedback system (A — bk), and the state estimator

(A — Ic) are unchanged from the values obtained by the

separate designs.

In addition, the system is now in the form for decomposition
into controllable and uncontrollable subsystems, and so has
the same transfer function as the controllable subsystem,

which is identical to the original state feedback system, with

transfer function

gr(s) =c(sI — A+bk)"'b

Note that the overall system is never controllable or minimal;

the estimation error is the uncontrollable component.

. J
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9 Output Feedback using Coprime

Fractional Representations:

Note: Chapters 7 & 9 in text, but not following text.

Assume that we have a vector space, (7, of systems, and a
linear subspace of H of “stable” systems, both of which are
closed under multiplication, with a multiplicative identity
denoted by 1. We denote by H the subset of elements of
H which have inverses in G (i.e., inverses which might be
unstable), and by H s the subset of elements of H with

stable inverses (“minimum-phase”).
Main Example:
e (Fisthe set of n X n transfer function matrices
e H is the set of n X n stable transfer function matrices

e Hj is the set of n X n stable transfer function matrices

whose determinant is not identically zero

e H, is the subset of H; whose inverses are stable.

\_

J
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Here, stable can have the usual meaning, but the theory can
be applied without change if we interpret “stable” as having
no poles in any prescribed region of the complex plane. (It
can also be applied to distributed and time-varying linear
systems, if the coprime fractional representations can be
found.)

We then define:

1. g € G has aright fractional representation if
g =n,d;* withn, € H,andd, € Hj.

2. The fractional representation is right coprime if there are
u, and v, € H with u,n, +v,d, =1

3. g € G has a left fractional representation if g = dl_lnl,

withn; € H,and d; € Hj.

4. The fractional representation is left coprime if there are
wy and v; € H with nju; + dyjvy = 1
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9.1 Analysis

We want to analyze the following feedback system:

where nrd,fl is a right coprime factorization of the known
system p(s), and yflxl is a left coprime factorization of the
feedback compensator to be designed, c(s).

If h,;j denotes the transfer function from input 7 to output 7,

the gains are given by:

hin = (1+pe)~'p
his = —(1+4pc) ipc
hoy = (1+cp)tep
has = (1+cp)'c
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Notes:

Analysis continued:

If we assume that the plant p has a partial state

2z =d, ley, then we get

er = dpz
01 = NpZz
O = il—elzil—drz
ey = i2+01:i2+nrz

and so, if the response z is stable for all stable input pairs %1
and 7o, then all signals in the loop will be stable.

We can find the stability condition for z as follows:

. -1
drz=e =i — Y, Ti€2

and so
ydyz = yip — Ten
= Y1 — Tyi2 — 101
= Y1 — Tyl — TNy 2
so that

(xine + yidy )z = Yt — xyia

. J
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Analysis continued:

Therefore, the response z will be stable if (z;n, + yd;)

has a stable inverse.

Conversely, it can be shown that if z is a stable response for
every stable input pair 41 and is, then (z;n, + y;d;) has a
stable inverse.

Finally, if (x;n, + y;d,-) = r, where 1 has a stable inverse,
then we can find the same compensator ¢ with a different

coprime factorization. To see this, let

U= r_lyl and T = r_lxl

Then
-1 —1,..—1 N1 A
C=Y, L1 =Y, T T1=Y X
and so ¢ = gjfla?l is also a left factorization of c.

It is also left coprime, since

flnr + Z]ldr = r_l(xlnr + yldr) = 7,,—1

and so

Zi(ner) +Gi(dy) =1

\_

~N
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9.2 Design:

From the previous analysis we conclude:

If the system has a right coprime factorization p = nrdjl,
then the feedback loop is stable if, and only if, the controller
has a left coprime factorization ¢ = yl_lxl such that

(l‘l?’lr + yldr) =1

Therefore, to find all stabilizing controllers, we need to find

all solutions to this equation.

These solutions are given by
y = (v, +wny) and 2 = (u, — wdy)
and so all stabilizing compensators are given by
c = (vp +wny) " (u, —wdy)

where p = dl_lm is a left coprime representation of p, and

w is an arbitrary stable transfer function,

\_

J
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Design continued:

9.2.1 Solution derivation:

We already know one solution, since the coprime
factorization of p gives us u,n, + v,d,. = 1; then all other

solutions must be of the form
Yi=v-+yn and T =1ur +Tp

where yp, and xj, are solutions of the homogeneous
equation
yhdr +xpn, = 0

Butif p = dl_lnl is the left coprime representation of p,
then

dl_lnl = an;1 — nd, —dmn, =0
and so

Yn = Wy and 1w = —wd;

are homogeneous solutions for all w € H.

\_
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Design continued:

Conversely, if i, and dj, are arbitrary solutions of
Ynd, + xpn, = 0, let

w = —xhdl_l
Then
Tp = —wdl
and ypd, = —xpn, implies that
Yn = (_xh)(nrd;l)
(wdi)(d; 'mr)
= wny

To show that w € H, use the left coprimeness:

w = w(nu + djvy)

YpUuy — TRV € H

Slide 78

Notes:

78



ESE 502, Linear Systems Theory

(" )

9.2.2 Conclusions:

e For any stable w such that v,- + wn; is invertible,
¢ = (v, +wny) " (u, — wd;) stabilizes the loop, and
all stabilizing compensators are of this form.

e All of the gains are linear functions of w. From the

analysis:
e1 = dyz and 01 =Ny 2
Oy = il—elzil—drz
ey = 1o+0] =12+ n.-2

and since (y;d, + xn,) =1
z = yriy — Xyiz

It then follows that

hi1 = n.y = neoe + npwny

his = —n,x; = —n,u + n,wd;
hor = 1-dyy =1~-dwv, —dywny
hoo = dyx; = dyu, — d,wd;
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(s+1)2  s+1s+1

452 +8s +4 — (s — w(s)
52 — 14 sw(s)

and the input-output transfer function is

s s—1 52

0 (o= ) (e

4 )
9.3 Example:
Let
s s s—1 n(s)
p(s) = s2—1 (s+1)2/s+1 —d(s)
Then we have
poa S STE T nts) + u(s)d(s)

S

h = .
H (s+1)2 s+1+(s+1

53 — 5+ s2w(s)
(s + 1)t

where w(s) is any stable transfer function.

\_

)4w(5)

w(o))
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