ESE 503 - Stochastic Systems
Fall 1999

Solutions to Homework # 1

Problem 2.3:

(a) Sample space Q ={2,3,4,5,6,7,8,9,10,11,12}.
(b) A: “total number of dots showing is even.”

A ={2,4,6,8,10,12}.

(¢) The event “sum of dots = 2” corresponds to the elementary event (1,1) in # 2.2; thus
the elementary event {sum of dots = 2} can be written as

{sum of dots = 2} = {(1,1)}.
Also, since the event “the sum of dots = 3” corresponds to (1,2) or (2, 1), we have

{sum of dots = 3} = {(1,2)} U{(2,1)} ={(1,2),(2,1)}.

Similarly,
{sum of dots = 4} = {(1, 3),(2,2,),(3,1)},

and
{sum of dots = 5} = {(1,4),(2,3),(3,2),(4,1)}.

In general, for 1 < k < 12,

min (6,k—1)
{sum of dots = k} = U {(i,k —19)}.
i=max (1,k—6)

Problem 2.6:
(a) The sample space Q has nine elements and is given by:
Q= {(F7 F)7 (Fv R)’ (F’ K)v (R’ F)’ (Ra R)’ (RaK)a (Ka F)a (Ka R)a (K, K)}

It is the set of ordered pairs (s1, s2) where s; specifies the state of C and s9 specifies
the state of Cs.

(b) Let A represent the event “none of the components is kaput;” then

A={(F,F),(F,R),(R, F),(R,R)}.

Problem 2.7:
(a) Sample space 2 is

0 =1{(1,273),(1,3,2),(2,3,1),(2,1,3),(3,1,2),(3,2,1) }.



(b) If A denotes the event “ball number £ is selected in the kth draw,” then
A1 ={(1,2,3), (1,3,2)},
43 ={(1,2,3), (3,2, 1)},
As =1{(1,2,3),(2,1,3)}.

(¢) AinAynAs ={(1,2,3)}. This event can be described as: “the number of each ball
corresponds to the number of the draw.”

(d) A1UAU A3 ={(1,2,3),(1,3,2),(3,2,1),(2,1,3)}. This event can be described as:
“the number of at least one ball corresponds to the number of the draw.”

(e) (A1 U AU A3)¢ ={(2,3,1),(3,1,2)}. This event can be described as: “none of the
balls has a number corresponding to the number of the draw.”

Problem 2.17:

The sample space has 36 elements and is given by the following set

Q = {(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,1), (2,2),(2,3),(2,4), (2,5), (2,6),
(3,1),(3,2),(3,3),(3,4), (3,5), (3,6), (4,1), (4,2), (4, 3), (4,4), (4,5), (4,6),
(5,1),(5,2), (5,3), (5,4), (5,5), (5,6), (6,1), (6,2), (6, 3), (6,4), (6,5), (6,6)}.

Since the outcomes are equally likely, we get that the probability of each elementary event
{(i,5)} is .
P} = 36 1=1,---,6, 7=1,--+,6.

(a) Let Ay denote the event “the sum of the two outcomes is k,” for k = 2,3,---,12.
Therefore, using the fact that each event A, can be written as the disjoint union of
elementary events of  (cf # 2.3(c)), we get

Pls] = PI{(1,1)}] = =,

1 2

PlAs] = P[{(1,2), 2, D)}] = P{(L2)} + PHZ DY = g6 + 55 = 55
3

PlA4] = P[{(1,3),(2,2), 3, 1)}] = P{(L, 3} + P{(2, 2} + P{B, D}] = 5¢-
Proceeding similarly, we obtain:

4 5 6 5

PlAs] = 36’ P[Ag] = 36 P[A7] = 36 P[Ag] = 36
P[Ag] = 367 P[Ayp) = 36 P[An] = %" P[As] = =

Note that P[As] + P[As] + -+ + P[A12] =1, as expected.

(b) Let B denote the event “the outcomes of the two tosses are different.” Then, B¢
represents the complimentary event which is:“the outcomes of the two tosses are the
same.” Thus,

B¢ ={(1,1),(2,2),(3,3), (4,4), (5,5), (6,6)},

and
6

P[B] = 5.

Hence,
PBl=1_pB =10 _30_2

Ve



Problem 2.23:

Let A; denotes the event “the i’th toss results in heads,” i = 1,2, 3,4. The sample space {2
has 16 elements; it consists of the set

Q = {(H,H,H,H),(H,H,HT),(H,HT,H),(H,HT,T),
(H,T,H,H),(H,T,H,T),(H, T,T,H),(H,T,T,T),
(T\H,H,H),(T,H,H,T),(T,H,T,H),(T,H,T,T),
(1,17,H,H),(T,T,H,T7),(T,T,7T,H),(T,T,T,T)},

where H denotes heads and T denotes tails. Since the coin is fair, we obtain that the
probability of each elementary event in Q is 1/16. We thus obtain:

P[AQ] = P[{(HaHaHaH)a(H,H,H,T)a(H,H,TaH)a(H,HaT,T)a
(TH,H,H),(T,H,H,T),(T,H, T,H),(T,H, T, T)}]
8 _1

16 2’

P[A; N A3] = P[lst toss and 3rd toss are heads]
= P [{ (H7 H7 H7 H)’ ('H’ H’ H’ T)’ ('H’ T7 H7 H)’ (H7 T’ H’ T) }]
4_1
16 4’
P[A;NAyNA3N As] = PJall four tosses are heads]
1
= P[{(HaHaH’H)}] = Ea
and

P[A; UAyUA3U Ay = PJat least one of the four tosses is heads]

= 1 — PJall four tosses are tails]

= 1 PUOTTT =1 = 1

Problem 2.27:

(a) Since the number is selected at random, we assume a uniform probability law. Hence,

length of interval B length of (—0.5,1) 1.5 3
P B = = = — = — = ().
[B] length of [—1,1] length of [—1,1] 2 4 075,
_ _ length of (-0.5,0) 0.5 1
P[ANB] = P[{z € (—0.5,0)}] = lengthof —11] ~ 2 4 0.25,
and
P[ANC]=P[0] =0.
(®) 1 3 1
P[AUB]|=P[A]+PB]|-P[ANB]| = gt1 1= 1.
It can also be directly verified that A U B = [—1,1]; thus P[AU B] = 1.
Also,

P[AllmzPFAH-Prm_P[Amm:l+l_n:§,



P[A U (] can also be directly computed.

Finally,
P[AUBUC] = P|A]+ P[B]+ P[C]—P[ANnB]—P[ANC]
—P[BNC]+ P[ANBNC]|
1 3 1 1 1
= §+Z+§—Z—O—§+O—1.

This result can also be computed by finding the set A U B U C and calculating its
probability directly.

Problem 2.30:

(a) Since (—oo0,r] C (—00,s] for r < s, we must have by Corollary 7 that
P[(=o0,r]] < P[(—00, s]].

(b) First note that we can write (—oo, s] as the disjoint union of (r, s] and (—oo,r]:
(—o0,s] = (—o0,r] U (1, 5]

where the two intervals on the right hand side are disjoint. We hence get (by Axiom
IIT) that

P(—o00,s]] = P[(—oo0,r]] + P[(r, s]].
Thus

P[(r, s]] = P(—o0, s]] — P[(—o0,r]].
Problem 2.48:
(a) We know that if P[B] > 0, then

PIAN B]

PIAIB] = =5

e If AN B = (), then P[AN B] =0 and P[A|B] = 0.
e [f AC B, then ANB = A and

P[A|B] = ]Ij{g]]
e If BC A, then ANB =B and
P[A|B] = % =1.
(b) If P[A|B] > P[A], then [ |
P[ANB
“PE > P[A],
and thus
P[AN B] > P[A]P|B].
Hence,

P[ANB] _ P[A]P[B]
P[A] ~ P[]

P[B|A] = = P[B].

Mmoo 1 1



Problem 2.51:

Assuming that the die is fair, let A denote the event “total number of dots is even,” and
let B denote the event “both tosses are even.” Then

A = {(1,1),(1,3),(1,5),(2,2),(2,4),(2,6),(3,1),(3,3),(3,5)
(4,2), (4,4), (4,6), (5,1), (5,3), (5,5), (6
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and
B ={(2,2),(2,4),(2,6), (4,2),(4,4),(4,6), (6,2), (6,4), (6,6)}.
Clearly, B C A; then AN B = B. Hence
P[ANnB] P[B]

PUBI= = pa = pray =%

and
P[B|A] = PIANB] _P[B] _#ofelementsinB _ 9 1
~ P[A]  P[A]  #ofelementsin A 18 2

Problem 2.56:

1/60 1
Plarrival in next minute|there was no arrival by 8:30] = ((30/ /60)) =35

and 1/60 1
Plarrival in next minute|there was no arrival by 8:50] = ((10/ /60)) =10

The knowledge that the professor will arrive at 9 A.M. at the latest implies that the prob-
ability of arrival within a minute approaches 1 as times draws closer to 9 A.M.

Problem 2.58:

(a) The tree diagram is as follows.

N1 2 3 4 0 6

Ny 1 1 2 1 2 3 123412345 123456

(b) By the law of total probability, we get

P[N,=3] = iP[N2 = 3|Ny = i]P[N; = i]
= 26)(1/6) +(0)(1/6) + (1/3)(1/6)
+(1/4)(1/6) + (1/5)(1/6) + (1/6)(1/6)
57 19

= = — =0.1 .
60)(6) ~ 120 ~ 019833




(c¢) By Bayes’ rule, we obtain

PN, =4} N {N, = 3}]
P[N; = 3]
P[N, =4,N, = 3]
P[N, = 3]
P[N, = 3|N; = 4]P[N; = 4]
P[N, = 3]
(1/4)(1/6) _ 5

(19/120) — 19°

(d) By Bayes’ rule, we obtain

P[N, = 5| Ny = 4]P[N; = 4]

=0.
8 | P[Ny = 5|N; = i]P[N; = i]

P[N, = 4N, = 5] =

Problem 2.60:

(a) Let X denote the input and Y the output of the ternary communication channel. By
the law of total probability, we have

2
PlY =j]=Y P[Y =j|X =iP[X =i], forj=0,1,2
=0

This yields:
PlY =0] = (1—-¢€)(1/2) + (e)(1/4) =

€
4’

Py = 1] = ()(1/2) + (1 - )(1/4) = ; +

N

Za

and .
PIY = 2] = ((1/4) + (1~ (1/4) = .

Note that P[Y = 0] + P[Y = 1]+ P[Y = 2] = 1, as expected.

(b) By Bayes’ rule, we get

v PV =1X=0PX=0] _  (9(1/2) _ 2¢
PIX =0y =1] = PV = 1] =D 1 D " Tre
oy PY=1X=1PX =1]  (1—¢(1/4) _1—e
PIX =1y =1] = PV =1 =~ U )~ 15¢
and
PIX =2y = 1] = P =1X=2P[X=2]

PIY =1]

Problem 2.64:
(a) If A and B are independent, then P[A N B] = P[A|P[B]. Hence
P[AUB| = P[A]+ P|B] - P[ANn B] = P[A] + P[B] — P[A|P[B].

(b) If A and B are mutually exclusive (i.e. disjoint), AN B ={. So P[AN B] =0 and

DPIAT T R — PIAl L PIR] __ PIlA N Rl — PIAT L PIR]



Problem 2.66:

Assume that events A, B and C are independent.

(a) The event “exactly one of the three events occur” is the event D described by
D=(ANB‘NC) U(A°NBNC)U(A°NB‘NC).
Since D is a disjoint union, we get (by Axiom III) that
P[D] = P[ANB°NC+P[A°NBNC|+ P[A°NB°NC]
= PJA|P[B°|P[C*] + P[A‘|P[B]P|C‘] + P[A°|P[B¢|P|C]
(by independence)

= P[A|(1 - P[B])(1 - P[C]) + (1 — P[A])P[B](1 — P[C])
+(1 — P[A])(1 — P[B])P|C].

(b) The event “exactly two of the events occur” is the event D given by
D=(ANBNCYU(ANB‘NC)U(A°NBNCQC).
Thus
P[D] = P[ANBNC‘l+P[ANB°NC]+ P[A°NBNC]|

— P[A]P|B]P[C"] + P[A]P[B¢|P[C] + P|A|P[B]P[C]
= P[A]P[B](1 - P[C]) + P[A](1 — P[B))P[C] + (1 — P[A))P[B]P[C].

(¢) The event “one or more of the three events occur” is the event AU BUC'. Noting that
AUBUC = (A°NB°NC*°° (De Morgan’s law), we get

P[AUBUC] = 1—-P[A°NB°NC"
= 1— P[A°]P[BC|P[C°] (by independence)
1= (1= P[A])(1 = P[B])(1 - P[C)).

(d) The event “two or more of the events occur” is the event D given by
D=(ANBNCYUANB*NC)U(A°NBNC)U(ANBNC).
Hence
P[D] = P[ANnBNC‘+P[ANB°NC]
+P[A°NBNC)+ P[ANBNC]|
= P[A|P[B]P[C] + P[A|P[B|P[C]
+P[A°|P[B]P[C] + P[A]P[B]|P[C]
= PA]P[B](1 — P[C]) + P[A](1 — P[B])P[C]
+(1 — P[A])P[B]P|[C] + P[A]P[B]P[C].

(e) The event “none of the events occur” is A°N BN C° Hence

P[A° N B¢ N € = P[A°]P[BP[C*] = (1 — P[A])(1 — P[B])(1 — P[C]).



Problem 2.70:

For ¢« = 0,1, let A; be the event “input is ¢”, and let B; denote the event “output is
i. Note that Ag = Af and By = Bf{. If the input and output are independent, then
P[A() N Bo] == P[A()]P[Bo] But

P[AoN Bo] = (1 —¢€)(1 - p),

P[AO] =1-p,

and
P[By] = (1 —€)(1 —p) + pe=1—p— e+ 2pe.

Setting P[Ao N By] = P[Ao|P[By] yields
e=1/2.

Thus each input has an equal chance of being received perfectly or in error; so the channel
cannot transmit any useful information since the receiver cannot guess from the observation
which input was sent (since P[Ay|B;] = P[A1|B;] = 1/2).



