ESE 503 - Stochastic Systems
Fall 1999

Solutions to Homework # 3

Problem 4.3:
(a) By independence, we have
P[|X| <5,Y >222>2] = P[X|<S5]P[Y >2|P[Z*>2]
= P[-5<X <5](1-PlY <2)
(P1Z < —v2+ P[Z > V7))
= (Fx(57) — Fx(-5)) (1 — Fy(2))
(Fz(-v27) +1- Fz(V2)).

(b)
P[X >5Y<0,Z=1 = P[X >5]P[Y <0|P[Z =1]
= (1-Fx(5))Fy(07)(Fz(1) — Fz(17)).
(c)
Pmin(X,Y,Z) >2] = P[X>2)Y >2,7Z>?2
= P[X > 2|P]Y > 2|P[Z > 2]
= (1-Fz(2))(1 = Fy(2)(1 - Fz(2))-
(d)

Plmax(X,Y,Z) < 6] = P[X<6,Y <6,Z < 6]
= P[X < 6]P[Y < 6]P[Z < 6]
= Fx(67)Fy(67)Fz(6).

Problem 4.11:

(a) fxv(z,y) =k for all points (z,y) in the regions shown in Fig. P4.1.
(i) Since
|| ey deay=1,
—00 J—00
we get that
k(area of the circle) = 1.

Thus kr =1, and k = 1/7.
(ii) Similarly £(2) = 1. Thus k = 1/2.
(ii) Similarly £(1/2) = 1. Thus k = 2.



(b) The marginal pdf’s of X and Y are obtained as follows:

= /_0:0 fxv(z,y) dy,

= /_Oo fxy(z,y) dz

and

(i) For -1 <z < 1,

—1—a22 T
Thus
fX(x):{%\/l—xz f-l<z<l1
0 otherwise.
Similarly,
frly) = {f\/ﬁ% =avi-yr if-l<y<l
0 otherwise.

(ii) Similarly,

a2y dy=z+1  if-1<z<0
fx(@) =9 [m=(1/2) dy= —z+1 f0O<z<1 >
0 otherwise
and
SO/ de=y+1  if-1<y<0
W) =9 [ 1/2) de=—y+1 f0<y<1
0 otherwise.

(ii) Similarly,

fx(z) = {fo_”l? dy=2(1-2z) if0<z<1
0 otherwise ’
and

frl) = { b "2 dr =21 =y H0<y <1
0 otherwise.

Problem 4.15:
fx(z) = /0:0 fxv(z,y) d

() e )],
B —o0 2T 109y/1 — p2 Y-

Completing the square of the argument in the exponent yields
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Thus for any —oo < z < 00,

_(w2—0-7;11)2 o _ [y— (m2+p0'2 m;;nl ):| 2

_ ¢ ! 202(1—p2)
) = e 2 d
fx(@) V2ro /—oo V2mwog/1 — p? 4
1 —(z—my)*
= e 20’%
V2moy ’

where the above integral is equal to 1 since it is integral of Gaussian pdf with mean mgo +
poa(x —mq)/oy and variance 03(1 — p?). Hence X ~ N(my,0?).
In an analogous way, it can be shown that Y ~ N(mg,o3).

Problem 4.17:
(a) Ifk =1, then

PX=1Y <y] = P[Y <y|lX =1]PX =1]
= P[N+X <y|X =1]P[X =1]
= [N+1 <y)(1/2)

1
= 5[ i a
vl aeet gt ify<1
N { 002€atdt—|— JPlgeotdt ify>1
10‘(?/ 1) ify<1
{ (2—e =) ify>1.

Similarly if £ = —1, we get

PIX=-1Y <y] = PIY <ylX=-1P[X =-1]
= PIN +X <y|X =—1]P[X = —1]
= P[N -1<y](1/2)

+1
_ %f;fMﬂﬁ

(b) By the law of total probability,

Fy(y) = PY <y
PY <y|X =1P[X =1]+[Y <y|X = -1]P[X = —1]
= P[N+1<y|(1/2) + P[N —1<y](1/2)

1 1
= —Fy(y—1)+ EFN(y—I- 1).

2
Thus
fry) = —dF()
Y\y) = dey
1d 1d
= ——F -1 ——F 1
2dyzﬂy )+2dyzwy+ )



= SInly—1)+ S+ 1)

— % [e—a\y—u n e—a|y+1\] ,

where —o0 < y < 00.
(c) We need to compare P[X = 1|Y > 0] versus P[X = —1]Y > 0].

PlY > 0|X = 1]P[X =1]
PlY > 0]

P[N > —1](1/2)

PlY > 0]
(1/2) /%5 In(2) dt

PY > 0]
1- %e
2P)Y > 0]

PX =1y >0] =

Furthermore,

P[Y > 0|X = —1]P[X = —1]
PlY > 0]
PN > 1](1/2)
PlY > 0]
(1/2) Ji° In(t) dt
PlY > 0]
2P?Y > 0]

PX=-1Yy >0] =

Thus . N
_e_

P[X =1Y — P[X =-1|Y = }

[ Y > 0] [ Y > 0] 2P S 0 >0

Therefore, given that Y > 0, X =1 is more likely.

Problem 4.18: N is a Binomial(n,p) RV; thus its pmf is

P[N:k]:<z>pk(1_p)nk7 kE{O,l,---,n}.
Furthermore, given N = k, then 7' is an exponential RV with rate ka; thus
PI[T<tIN=kl=1—e%  ¢t>0.
Hence

P[N=kT<t] = P[T<tN =k|P|N =k

— (1 _ e—k:at) ( 'Z' >pk(1 _p)n—k.



Also, by the law of total probability,

P@gﬂ::ﬁﬁﬂgﬂN:mﬂN:m
k=0

_ Zn: (1 . e—kat) ( Z >pk(1 _p)n—k

k=0

n
=1—§:<Z>@aMVa—m“k
k=0
n
= 1-[pe+1-p)],
where the last equality follows from the Binomial formula. As ¢t — oo,

PIT <t —1—(1—p)

Problem 4.22: fx(z) and fy(y) are functions of z and y, respectively, but fx y(z,y) =constant#
fx(x)fy(y). Therefore, X and Y are not independent in all three cases.

Problem 4.24: X and Y are independent RV’s with

fX($):{1 ifo<z<1
0 otherwise

and 1 if0 1
. 1 <y<
Frly) = {O otherwyise ’
Thus 0 ifz<0
Fx(z) = {m ifo<z<l1
1 ifz>1,
and 0 ify<0
Fy(y) = {y fo<y<1
1 ify>1.
(a)
P[X?<1/2,]Y —1|<1/2] = P[X*<1/2]P[|[Y —1| <1/2] by independence
= P[X <1/V2|P[1/2<Y < 3/2]
= Fx(1/V2) (Fy(3/2) — Fy(1/2))
= (1/V2)(1—1/2) = 1/(2V2) = 0.3535.
(b)

P[X/2<1,Y >0 = P[X <2]P[Y >0]
= Fx(2(1-Fr(0) = ()1 -0)=1.



(c)
1 1
PXY <1/2] = 1- /1/2 /1/(2y) fxv(z,y) dz dy.

But since X and Y are independent, fxy(z,y) = fx(z)fy(y). Thus

PIXY <1/2] = 1—/1/2/1/2y) dz dy
— (1/2) + (1/2) In2 = 0.8466.
(d)
Plmin(X,Y) >1/3] = P[X >1/3,Y >1/3]

= P[X >1/3]P[Y >1/3]
1—Fx(1/3))(1 — Fy(1/3))
1-1/3)2=4/9.

—~~

Problem 4.26:

(a) N and M are independent since the first n trials are independent of the remaining m
trials.

(b) N is a Binomial(n,p) RV and M is a Binomial(m,p) RV. Thus

P[N =i] = ( " )pi(1—p)"—i, i€{0,1,---,n},

P[M:j]:<?;-rb>pj(1_p)m_ja jE{O,l,---,m},
and
P[N:’i,M:j] :P[N:i]P[M:j], (’L,j) € {0,1,---,7’7,} X {0,1,---,m}.

(¢) Let Z denote the total number of successes in n + m trials. Then Z is a Bino-
mial(n+m,p) RV. Hence

P[Z:k]:<n—'];'m>pk(1_p)n+m_k7 kE{O,l,---,n+m}.

Problem 4.37:

(a) The pmf of N is as follows. For any k¥ =0,1,---

bl

PIN=k = /Ooo P[N = k|R = ] fr(r) dr

oork . )\(Ar)a—le—)\r

; ik o) dr
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= 7/\(1 /oo pkte=lo=(14+Xr g, let t =1+ Nr
k' T'()

_ A /Ootlc+a 1—tdt
k"F 1—|—)\ 0

~

(k—l—a)
a k
- I;c(!krto?;) (1iA) (1%\) '

N is called a generalized Binomial RV.

(b) By the law of total expectation, we have
o
E[N] = / E[N|R =] fr(r) dr
0

/OOOTfR

— E[R =

—~

r) dr

>4|Q

Similarly,
E[N?] = /Ooo E[N?|R =] fr(r) dr
= /Ooo(r +1r2) fr(r) dr
= E[R] + E[R?Y.
Thus

VAR[N] = E[N?] - E[N]?
= E[R]+ E|R?* - E[R)?
= E[R]+ VAR[R]

+

A2

>R

Problem 4.39:
(a)
1,1 1
1 = ///k(w—i—y—l—z)dwdydz
o Jo Jo
1 1
_ k/ /(1/2+y+z)dydz
o Jo

_ k/ol(l/2+1/2+z)dz
= k(1/2+1/2+1/2)
— 3k/2.

Thus, k = 2/3.



(b) For0<z<1,0<y<1,

Prr@) = @f3) [ @ty +2)de = @/3o +y+1/2)
So

fxyz(@,y,2) :{(w+y+z)/(w+y+1/2) if0<z<1

fax, y(zlz,y) = Fxy(@,y) 0 otherwise.

Problem 4.43:
(a) From Problem 4.41:

Ix1,%0,%5 (21,22, 3) = fxyx0,x, (3|2, 1) fxo  x, (w2|21) fx, (1)
_ {1%% f0<z3<zy<z1<1
otherwise.

(b) Clearly, X; is uniformly distributed on [0,1]. Thus

(1) { ifo<z; <1
! 0 otherwise.

Since,
L o ifo<z<z <1

le,Xz(wlaxQ) = { Z1

0  otherwise,
the marginal pdf of X5 can be obtained by integrating the above over z;:

fxy(®2) = /oo Ix1.x, (21, 22)dzy

= —Inxo for 0 < 29 < 1.

Finally, the pdf of X3 can be obtained as follows:
o o0
fxs(xs) = / / Ix1,%2,%5 (21, B2, 73)dx1 dy

1 1 1
NN
x3 9 L1T2

/1 —ln$2d
= :[;2
T3 )

(ln $3)2
72 .

(¢) For 0 < z3 < z1 <1, we have

oo
Ixaix, (z3]z1) = / Ixa,x50%, (T2, 73|71)dT2

— / f.Xl,.XQ,X?, :L‘lax?aw?))de
le '7"1)

= / dl‘g
3 L1T2

1
= —[lnz; —Inzj).
I




(d) Generally, we have

-1
1 .
thXz,_",Xn(xl,[EQ’___’_’L‘n):{( n -1 .Tz) lfOSl'nSl'nflS--.leSl
0 otherwise.

Furthermore, it can be shown using induction that Vn > 1 and for 0 <z, <1

(=) (Ing, )"t
(n—1)!

[xo(zn) =

Problem 4.48: Assume that X and Y have means 1/\; and 1/\9, respectively. For z > 0,
we need to integrate over the following area:

y Yy=x+=z
Yy=r—=z
z
z T
Fz(z) = P(X - Y|<z)

_ / Fx(a f (y)dy] dg;+/:ofx(z) /:4:’ fY('!/)d’y] dx

= / )\16*1\1:5 1— efx\z(:H—z)] de + /00 Are M? I:ef)\g(wfz) _ ef,\2($+z)] dx
0 z

= \ [/z e Mgy — e N2? /z e~ Mtz gy
0 0

+e2? /00 e MitX)z gy o—Aez /oo e(’\1+)‘2)wd$] .
z z

Solving the first integral and combining the second and fourth integrals, we get

1 — e M2 0o oo
Fz(z) = M\ li( ;1 )—e_’\”/o e_(’\1+)‘2)‘”dm+e)‘2z/z e_(’\1+’\2)$d:z;]

= (1 — e*)qz) _ Alei/\% n /\le)‘”e*()\l-i—)\z)z
AL+ A2 M+ Ao
Ale*AQZ )\267A12
ERYEPYRED YRS

Taking the derivative w.r.t. z we get

_ A1 A2 —A1z —Xoz
fz(z) = SV (e +e ) for z > 0.



Problem 4.49: Note that fxy(z,y) =1/4for 0 <z <land0<y <1. For 0 < z <1,
we need to integrate the shaded area:

TY =2

Fz(z) = P(XY <z2)
(1/4) x shaded area

= (1/4) l2+2<z+/zl/ozmdyda:>]

= (1/2)[1+2z—2zlnz].

For 1 < z < 0, we need to integrate the shaded area:

TY =2
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Fz(z) = P(XY <z2)
= (1/4) x shaded area

— (/42 ]1- <—z+/z/ dydmﬂ

= (1/2)[14+ 2z — zIn(—2)] .

Taking the derivative, we get

d (1/2)Inz if0<z<1
fz(z) = d—Fz(Z) = { —(1/2)In(—2) if-1<2<0
0 otherwise.

Problem 4.51:

Yy
xz
For z > 0:
Fz(z) = P(X+Y <2)
z/2
= / / 2¢ @Y dydy —|—/ / ~@HY) dydr
/2
— (1=2 z/2_672)+( —z/2 _ Z_ e Z)

= l—e Z _ze %,

Taking the derivative, we get

Problem 4.59:

(a)
E[(X +Y)¥ E[X? +2XY +Y?]

= E[X?]+2E[XY]+ E[Y?].

11



(b)

VAR[X+Y] = E[(X+Y)) ] -E[X +Y)?
= E[X?]+2E[XY] + E[Y?] — E[X)? — E[Y]? — 2E[X]|E[Y]
= VAR[X]+ VAR[Y]+2COV(X,Y).

(c) We have that VAR[X + Y| =VAR[X] + VAR[Y] if
COV(X,Y) =0,

or

E[XY] = E[X]B[Y],
that is if X and Y are uncorrelated.

Problem 4.61: Let X and Y be two independent RV’s, where X ~ N(0,1) and Y is
uniform over [—1,3]. Since X and Y are independent, we have that

Elg(X)h(Y)] = Elg(X)]E[h(Y)]
for all functions g(-) and h(-). Thus

E[X%Y] = E[X?E[Y] = (1)(1) = 1.

Problem 4.67:
Let Y = aX + b. Then the correlation coefficient is

COV(X,Y)

VVAR[X] VAR[Y]

E[XY] - E[X]E[Y]

VVAR[X] VAR[Y]

E[X(aX + b)] — E[X]E[aX + b]
VVAR[X] VAR[aX + b]

aE[X?] + bE[X] — aE[X]? — bE[X]

VVAR[X] a2V AR[X]
aV AR[X]
V AR[X]Va2

a

al
{1 ifa>0
-1 ifa<O.
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