ESE 503 - Stochastic Systems
Fall 1999

Solutions to Homework # J

Problem 5.1:
(a) E[X+Y +Z]=E[X]+ E[Y]+ E[Z] =0. From Eqn 5.3, we have
Var[ X +Y + Z] = Var[X]+ Var[Y]+ Var[Z]
+2Cov(X,Y) 4+ 2Cov(X, Z) + 2Cov(Y, Z)
= 14+1+1+2(1/4) +2(0) +2(—1/4) = 3.
(b) From Eqn 5.3, we have

Var[ X +Y + Z] = Var[X]+ Var[Y]+ Var[Z]
1+1+1=3.

Problem 5.2: The mean of S, = 1" X is
n n n
B[S\ = E[)_Xi] =Y ElXi|=) n=np
=1 =1 i=1
From Eqn 5.3, we have

Var[S,] = ) Var[X;]+> Y Cov(X;, X))
i=1 i=1j=1,j%i
= no®+2(n—1)po>.

Problem 5.7:

(a) From Table 3.1, we have

@Z(w)zq)x(w)cby(w):( a )( B >

a—jw/) \B—jw

(b) By partial fraction, we have
a b
o) = (27) + (7=7)
where a = (af8)/(8 — ) and b = (af)/(a — ). Thus

27(0) = (afe) (=) +018) (52

jw p—jw

Taking the inverse Fourier Transform, we get
f2(2) = (afa)ae™® + (b/B)fe”
ae~ % + be P?

= (af)/(B — a)e™ + (af)/(a — B)e™*.



Problem 5.16: From Eqn. 5.20, we have

1_
Plfam) —pl <d>1- PP g5
Setting p = 0.1, e = 0.02, we get n = 4500.
Problem 5.17:
Ml()() — i(‘le‘l"XvQ‘i‘ )(100):m
100 ’ 100’
1+2+34+4+5+6

1
o = E[X?-u= 6(12 +22 4+ 3% + 4% + 52 + 6%) — 3.5% = 2.91667.

S
P[300 < Sigo < 400] = P[3< % < 4]

= P[—O5 < Mygy — 3.5 < 05]
= P[|M100 — 35‘ < 05]

2.92
> ———— =10.8832.
= 100(0.5)2
Problem 5.19:
S Var[ Sz
PS> q < YR
n €
_ Var[S,]
T n2e2

= —0 as n — 0o

Thus, the WLLN holds.

Problem 5.21:
(a)

LHS = Y (X;-2uX;+u’) =

Z X;] —2u(nM,) + ny?
j=1

n
RHS = Y (X] —2M,X; + M?) + n(M, — p)°
= X:X2 — 2M,,(nM,) + nM? 4+ nM? — 2nuM, + ny®

n
= |D_X7| —2u(nM,) +nu* = LHS.




(b) From part (a), we have

n

E ki(Xj—Mn)Ql = kE Z(Xj—u)Q—n(Mn—u)Ql
j=1 j=1
= k| E(x, 2]] — knB[(My — p)?)
7j=1
= kno® - ( ?/n)
= k(n—1)0?

(¢) If k=1/(n—1), then E[V,2] = 0. Thus, V, is an unbiased variance estimator.

(¢) If k=1/n, then

n

1 & -1
_Z ]:n 0_2_0_2_0_2/n

This is thus a biased estimator.

We note in this case (as well as in the general case) that the best unbiased estimator is not
necessarily better than the best biased estimator (in term of minimizing the mean square
error).

Problem 5.24: Sip0=X1+Xo+...+ X100, where E[Xl] = 3.5 and Var[Xl] = 2.92.
ThllS, E[Sl()()] = 100 x E[Xl] = 350 and VaI[Sloo] = 100><Var[X] = 292.

300 — 350  Sip0 — 350 _ 400 — 350

< <
V292 V202 V202
~ 1—2Q(2.926) = 0.998.

P[300 < S0 < 400] =

Problem 5.25: S = X7+ X9+ ...+ X6, where E[Xl] = (l/A) = 36 and Var[Xl] =
(1/2) = 362,
Thus, E[S16] = 16 x E[X1] = (16)(36) and Var[S;¢] = 16 x Var[X] = (16)(36)2.

S16 — (16)(36) _ 600 — (16)(36)

V/(16)(36)2 V/(16)(36)2

— Q(1/6) = 0.5692.

P[Sle < 600]

Q

Problem 5.41:

(a) X,(w) =w". This sequence converges to 0 for all w € [0,1). It converges to 1 if w = 1.
Let X(w) =0 Yw € [0,1]. Since Plw € [0,1)] = 1, X,, converges to X almost surely.
By the theorem discussed in class, it also converges in probability and in distribution.
Obviously, it does not converge surely. Now

B~ X)) = [ @ - 020



1
= / W dw
0
w2ntl

(2n+1)|,
= 1/(2n+1) = 0.

1

Thus, it converges in mean square. In summary,

not sure convergence) ,

el
bbﬁﬁb

almost-sure convergence) ,

&

X (

(

(mean square convergence) ,
(convergence in probability) ,
(

X
X
X
X

-

convergence in distribution) .

(b) Y, (w) = cos?(27w). Since this is independent of n, we let Y (w) = cos?(27w) Yw € [0, 1].

Then
Y, - Y,
Y, %% v,
Y, &% v,
Y, L v,
v, % Vv

[Note: It seems that there was a typo in this problem. The author probably meant
to say that Y, (w) = cos?(2mnw).]

(¢) Zp(w) = cos™(2mw). This sequence converges to 0 for all w € [0,1] — except w =
0,1/2,1. In these three cases, Z,(w) converges to +1. Let Z(w) = 0 Yw € [0, 1]. Since
Plw € {0,1/2,1}] = 0, we have almost-sure convergence which implies convergence in
probability which in turn implies convergence in distribution. Now,

1
B[(Zn - 2)?] = / (cos™(2mw) — 0)2(1)dw
0
1
= /COSQn(Qﬂ'w)dw
0
= o [T e w)de (= 2me)
= 5 cos™(z)dr (r = 27w
. 1 1 om—1 . :|27r 2n_1/271' 2n—2
= 5 [Qn_lcos (z) sin(z) . t , oo (z)dz
121 (28,
= 5 om /0 cos (z)dz
1 2k —1
= E}g( % )/0 cos’ (z)dz



1 & /2k—1 2
B ﬂH( 2k ) 0 do

The sequence {ay,,} is monotonically decreasing and is bounded below by 0. Hence, it
converges. To show that it converges to 0, we use the following argument.

In(a,) = In Lcli(%?;l)]
_ f:m(Zk_l)

Using the fact that In(z) <z — 1, we get

In(a,) <

(2’“‘1 )

S \

n
Z
Thus In(a,) — —oc, implying that a, — 0. Thus, Z,, converges in mean square to 0.
In summary,

Z, A 7,
Zy % Z,
Z, =% Z,
Z, X Z,
Z, % z
Problem 5.43:
(a)
n 3 —_ —_ — —_
Yn:2nX1X2Xn:{2 lel—XQ——Xn—l
0 otherwise.
Since
Pw: Xij(w)=1 Vi})= nli_)rgo(l/Q)n =
Xn =50
(b)

E[(Y, — 0)%] = E[Y;?] = (27)2(0.5)" + (0)%(1 — 0.5") = 2" — o0.

Thus Y, /- 0.



Problem 5.45: We are given that X, % X and Y, 2% Y. Consider
E[(Xn+Y) = (X +Y)?| = E[(Xn—X)+ (Yo —Y))]
= E[(Xn— X))+ E[(Ya-Y)?
+2E [(Xn - X)(Yn - Y)] .

The first two terms converge to 0 by assumption. To show that the third term also converges
to 0, we use Scharwz inequality:

E[ZW] < \/E[Z?|E[W?].

Using this inequality, we have all three terms converging to 0. Thus
X, +Y, 25 X +V.

Problem 5.46:
(a) No, X,, does not converge in mean square to any random variable.
(b) Yes, X, - N(0,1/2).

Problem Assigned in Class: Given (22, F, P) = ([0, 1], B[0, 1], Px ), where Py is induced
by the uniform random variable. Let

n f0<w<l/n
w = {5 gine sy

0 ifl/n<w<1
and Y(w) =0 VYw € [0,1].

S
(a) Y, /= Y. This is true because the sequence does not converge for w = 0.
(b) Y, “> Y. This is true because the sequence converges for every w € (0, 1].

(¢) Y, %5 Y. This is true because given any € > 0:

1
Pw:|Yp(w) -0/ <e})=1——— 1.
n
(d) Y, ~%, V. This is true because:

0 ify<O0
Fy,(y)=41-2 if0<y<n
1 ifn<y
For each y € (—o0,00), Fy, (y) = Fy(y).

m.S.
(e) Y, /=Y. This is true because:

B[y = /01 Y, (w)2(1)dw



