Problem 4.76: E[X]| = 2,E[Y] = 1, Var[X] = 1, Var[Y] = 1/4,Cov(X,Y)

ESE 503 - Stochastic Systems

Fall 1999

Solutions to Homework # 5

pdf given in this problem is “off” by a factor of 1/16/3.

Problem 4.77:

Problem 4.84:

Problem 6.3:
(a)

(b)

(¢) For k even:

For k odd:

w = Head
w = Tail
neven
nodd

1 ViZ 0
K=|vi2 1 0
0 0 1
VIZ VIZ 0
K=| V12 2 0
0 0 1
— X, = 1 -1 1
— X, = 1 1 -1
1 f
n=20 n=2
— P[X, =1] = P(w=Head) =1/2
= P[X,, =1] = P(w = Tail) = 1/2
PlXp=1,Xpp=1 = 1/2
PlXp=1,Xpp=—1] = 0
PIX, = 1, Xpp=1] = 0
PlXn = 1, Xpps = 1] = 1/2
PlXp,=1Xpp=1 = 0
PXp=1Xnp=-1] = 1/2
PlXp=—1,Xpp=1 = 1/2
PlXp=—-1,Xpp=-1 = 0

—1/4. The



(d) E[Xn]=(1)(1/2) + (=1)(1/2) =0

_J1 if k even,
RX(’“)_{—1 if % odd.

Problem 6.4:
(a) The plot of X,, is a decreasing exponential with a random rate of decrease.
(b) For 0 <z <1, we have

Fx,(z) = P[X, < 2] = P[s" < z] = P[s < z'/"] = z'/™,

(¢) For 0 < zp,zny1 <1, we have

FXn,Xn+1 (wnaxn-l-l) = P[Xn < l'n,Xn—f-l < xn—i—l]
= P[Sn < -Tnasn_H < -Tn—f—l]

= Pls<zl/"s< wl/(n+1)]

= min(z/", 7,/ ).
(d)
1
mx(n) = E[X.]=E[s"] = /O sds = 1/(n + 1)
Rx(ni,ne) = E[Xp,Xn,] = E[s"s™] = E[s" "] = 1/(n; + na + 1)
C’X(n1,n2) = 1/(n1 + no + 1) — 1/[(7&1 + 1)(7?,2 + 1)]

Problem 6.5:
(a) Since g(t) = 0 outside the interval [0, 1];
P[X(t)=0]=1 Vt&]o,1].
For ¢ € [0,1], we have
PIX(t) =1] = P[X(t) = —1] = 1/2.
(b) mx(t)=0 V.
(c) Fortel[0,1],t+de]0,1]:

PIX(t)=1,X(t+d) =1] 1/2
PIX(t)=-1,X(t+d) =-1] = 1/2

For ¢t € [0,1],t +d & [0, 1]:

PIX(t) =1L, X(t+d)=0] = 1/2
PIX(t)=-1,X(t+d) =0] = 1/2

For t ¢ [0,1],¢ +d & [0, 1]:
PIX(t)=0,X(t+d) =0 = 1



(d)

Cx(t,t+d) = Rx(t,t+d)—mx({t)mx(t+d)
Rx(t,t +d)
_ {1 if te[0,1],t+de(0,1]
0 otherwise

Problem 6.9:

(a) The pdf of Z(t) is the convolution of the pdf of At and B:

>~ 1

fr@) = [ wia (370) Sy

—oo [t]

(b)

mx(t) = E[A]t+ E[B]
Ry(t1,t2) = E[A?)tity + E[AB](t, +t2) + E[B?]
Cz(t1,t2) = Rz(t1,t2) —mx(t1)mx(t2)
= Var[A]t1ty + Var[B]

Problem 6.13:
(a) X(t) and Y (¢) are independent iff X (¢) and Y (¢) are uncorrelated.

(b) If at least one of the processes is zero mean, then independence is equivalent to
orthogonality.

Problem 6.15:
(a)

mz(t) = mxt+my
Cyz(ti,t) = oxtita+oxoypxy(ti +t2) + 0%

(b)

i (z—mxt—my)?
€xp { Q(cht2+QUxapr,yt+U%,)

fZ(t)(Z) =
\/271’(0'%(752 + 20x0ypx,yt+ o?)




Problem 6.18:
(a)
mz(t) = mx(t)cos(wt) + my(t)sin(wt) =0
Cz(t1,t2) = Rz(t1,t2)
= E[(X(t1)cos(wty) + Y (t1)sin(wty))(X (t2) cos(wta) + Y (t2) sin(wty))]
= E[X(t1)X (t2)] cos(wt1) cos(wtz)
+ E[X (t1)Y (t2)] cos(wtq) sin(wta) + E[Y (t1) X (t2)] sin(wty) cos(wta)
=0 -0
+E[Y(t1)Y(t2)] sin(wtl) sin(wtg)
= Cx(t1,t2) cos(wt) cos(wtz) + Cy (1, t2) sin(wty ) sin(wts)
= C(t1,t2)[cos(wty) cos(wta) + sin(wty ) sin(wiz)]
= C(tl, t2) COS(w(t1 — tQ))

(b)
_exp{—2?/2C(t,t)}

Taw () = 27C (¢, 1)

Problem 6.23c: Assume that X, is Bernoulli with parameter p = P[X,, = 1].
my(n) = E[Y]=(1/2)E[Xn] + (1/2)E[Xn 1] = (1/2)p+ (1/2)p =p
sp—p>) if k=0
Cy(n,n+k) = ilp—p?) if k==l

0 if |k >1
mz(n) = E[Z] = (2/3)E[Xn]+ (1/3)E[X,1] = (2/3)p+ (1/3)p =p
glp—p) it k=0
Cz(n,n+k) = {§(p—p2) if k=+1
0 it |k >1

Both Y,, and Z,, are WSS.

Problem 6.24:
(b) Forn>1:

Wn = 2Wn—1 + Xn
= 2(Wn—2 +Xn—1) + Xn
= 2IX, 4+ 2" X+ ... 4+ 2X,_1 + X,

n—1
= > 26X,
k=0
n—1
EW,] = Z2kE[anlc]
k=0

- (Z 2k) (1/2)
k=0
= )

= 2"l _1/2

4



For Z,, we obtain:

Zn = S
k=0
Blz,) - U2

4

(¢) Neither W, nor Z, have independent increments.

Problem 6.25:

(a)

EM,] = -E [Z Xk] “ pIX]
m k=
Cu(n,k) = E[(M,— E[Xi])(M; — E[X1])]
= B[ (8.—nBIX1) 1 (S — kLX)
= Cs(n, k)
1 9
ok min(n, k)o

o2
Var[M,] = Cu(n,n)= %

(b) M, does not have independent increments. It also does not have stationary increments.

Problem 6.26: Y,, and Z, are Gaussian random processes with mean:

ElYal = (1/2)E[X,] + (1/2)B[Xp-] =0
ElZ) = (2/3)E[X,]+ (1/3)E[X,m1] = 0

and variance:

ElY;] = (1/4)EX;]+ (1/4E[X; 4] =1/2

E[Z)) = (4/9E[Xq]+ (1/9)E[X;_4] =5/9
Thus:
e’ e—92%/10
fv.(y) = r fz,(2) = /1079

Note that Y,, is identically distributed and Z,, is identically distributed. However, neither Y,
nor Z, are independent. oo
Problem 6.28:

(a) Using the characteristic function (the z-transform of the pmf):
Gs,(2) = [Gx, (2)]" = "otV

Thus S, is Poisson with mean na:

k

na) e—na

PlS, = k] = ¢ -




(b) Assuming that k& > 0:

P[S, =1,Sh+k =j] = P[Sp,=1|P[Sxk=J—1]
_ { (n;_)!t)le—na (1(9]{1_);)7!16—ka if §>i>0
otherwise
Problem 6.29:
(a) Since M, is Gaussian with zero mean and variance 1/n:
e—n$2/2
(b) M, and M, are related to S, and S, by
1
M, = =S,
n
1
Mn—Hc = m n+k
1
J(Sn, Snvk) = oy
Thus
an;Mn—‘,-k (.’E, y) = ’I’l(’l’l + k)fSn,Sn_;,_k (’I’l.’l?, (’I’L + k)y)

= n(n+k)fs, (nz)fs,((n+k)y —nz)
e—(nm)2/2n e—((n+k)y—nz)2/2k

V2mn V2rk

= n(n+k)

Problem 6.31: A\ = 10/60 = 1/6 calls/minute. Let N(t¢) be the total number of calls
received up to minute ¢. Since the Poisson process has independent increments:

P[N(15) — N(0) = 0, N(60) — N(45) = 0]

P[N(15) — N(0) = 0] x P[N(60) — N (45) = 0]

- ()=

Problem 6.32: Let C(t¢) be the number of customers who have arrived up to time ¢ and
D(t) be the number of drinks dispensed up to time t.

PD(t) =k = f: P[D(t) = k|C(t) = n]P[C(t) = n]
n=~k

— i [( Z ) k(l _p)n—k] [%e—)\t]
= (L= p)" 0"
D




Thus, D(t) is a Possion process with arrival rate pA.

Problem 6.33:
(a)

(b)

Problem 6.34: Let X;=time of first arrival in line ¢, 1 = 1, 2.
(a)
o
PX; <Xy = /0 P[X; > z| X = z|fx, (z)dz

/OOP Xo > z|fx, (z)dz

/ < m) o (2)dz
/ (e%) (Mae” )‘“”)d:v

= )\1/ e~ Mtz g,
0

A1
A1+ A2

(b) Let Z = min(X7, X9)= time till the first arrival.

P[Z > z] = Pmin(X;,Xs2) > z]
= P[X1 >z, Xg > .'L']

P[X1 > .T]P[XQ > .T]

-z _—Aox — e—()\1+)\2)z‘

€ €

Thus, Z is exponential with mean 1/(A; + A2).

(¢) Let N(t) = Ni(t) + Na(t) be the total number of message arrived up to time ¢. Since
N(t) is a sum of to independent Poisson random variables, it is also a Poisson r.v.
with rate A1 + Ao.

(d) In the general case, N(t) is a Poisson r.v. with rate Ay + Ao + ... + Ag.

Problem 6.37: Since the difference could take negative values, it could not be a Poisson
process.

Problem 6.46:
(a)
fY(t) (y) = fX(t) (y — pt)

e (v-ut)?/2at

V2ot



(b) Assuming that s > 0:

fY(t),Y(t+s) (Y1,92) = fX(t),X(t+s) (y1 — pt,y2 — p(t + s))
Ixy(yr — pt) fx(s) (Y2 — y1 — ps)
e~ (1—ut)? /20t o—(y2—y1—ps)’/20s

V2mat V2ras

Problem 6.48:

(a) For fixed t and s > 0, Z(t) = X(t) —aX(t — s) is a sum of two Gaussian r.v.s, thus it
is Gaussian.

mz(t) = E[X(t)—aX(t—35)]=0
VarlZ(t)] = E[(X(t) - aX(t - )]
E[X?(t)] — 2aE[X ()X (t — 5)] + a®*E[X?%(t — s)]
at — 2aa(t — s) + a®a(t — s)
= at — 2aa(t — s) + d’a(t — s)

Thus Z(t) ~ N(0,at — 2aa(t — s) + a’a(t — s)).
(b)
mz(t) = 0
Cz(ti,t2) = E[(X(t1) —aX(t1 —s))(X(t2) — aX(t2 — 3))]
= CX(tl,tg) — aCX(t1 — S,tg) — aCX(tl,tz — S) +GQCx(t1 — 8,tg — S)

= amin(t,ty) — aamin(t; — s,t3) — aamin(ty, ty — s) + a’amin(t; — s,ty — 5)

Problem 6.49: Set a = —1 in prob. 6.48.



