HW # 1 Solution

Problem 3.1
Let us denote by 7, (b,) the event of drawing a red (black) ball with number n. Then
1. By = {ro,r4,b2}
2. By = {ro,rs3,r4}
3. E3 = {Tl,TQ,bl,bQ}
4. E4 = {7‘1,7‘2,T4,b1,b2}
5. B5 = {ro,ra,b2} U[{ra,r3,ra} N {r1,72,b1,b2}]

{ra2,ra,ba} U{ra} = {ra,r4,b2}

Problem 3.2
Solution:
Since the seven balls equally likely to be drawn, the probability of each event FE; is proportional to
its cardinality.
3 3 4 5 3
P(Ey)=-, P(E))=-, P(E3)=-, P(Ey)=-, PE5)=<
( 1) 7; ( 2) 75 ( 3) 75 ( 4) 7; ( 5) 7
Problem 3.5
Let us denote by nS the event that n was produced by the source and sent over the channel, and by
nC the event that n was observed at the output of the channel. Then

1)

P(1C) = P(1C|1S)P(1S) + P(1C|0S)P(0S)
= 8-7+.2-3=.62

where we have used the fact that P(1S) = .7, P(0S) = .3, P(1C|0S) = .2 and P(1C|15)=1-.2= 8
2)
_ P(C,18) _ P(C\1S)P(1S)  .8-.7
P(S|IC) = —p o = ——p i = g = 9082

Problem 3.6

1) X can take four different values. 0, if no head shows up, 1, if only one head shows up in the four
flips of the coin, 2, for two heads and 3 if the oucome of each flip is head.

2) X follows the binomial distribution with n = 3. Thus

P(sz):{ (2>pk(1—p)3"“ for0< k<3
0

otherwise
3)
— 3 m _ 3—m
anc)—z_o(m)p (1-p)
Hence
0 k<0
(1-p)? k=
Fe(k) =4 (E=p)+3p0-p) k=1
X (1-p)3+3p(1—p)*>+3p*(1—p) k=2
(1-—pP+3p(1—p2+3p*Q—p)+p*=1 k=3
1 k>3



3

P(X >1) =Z( 2. )p’“(l—p)““ =3p’1-p) +p°

k=2
Problem 3.7

1) The random variables X and Y follow the binomial distribution with n =4 and p =1/4 and 1/2
respectively. Thus
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Since X and Y are independent we have

}~<
Il
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Il

3
PX =Y =2)=p(X =2p(¥ =2) = 20 = =
2)
p(X =Y) = p(X =0)p(Y =0)+p(X =1)pY =1) +p(X =2)p(Y =2)
+p(X =3)p(Y =3) +p(X =4)p(Y =4)
3t 3.4 3t.22 3.42 1 886
= o3 T oig T oig T oip T 912 T 1006
3)
pX>Y) = pY =0)[p(X =1)+p(X =2)+p(X =3) +p(X =4)] +
p(Y =1)[p(X =2) +p(X =3) +p(X =4)] +
p(Y =2)[p(X =3) +p(X =4)] +
p(Y =3) [p(X = 4)]
535

4) In general p(X +Y < 5) = Z?:o Zlm:o p(X =1—m)p(Y = m). However it is easier to find
p(X +Y < 5) through p(X +Y <5) =1 —p(X +Y > 5) because fewer terms are involved in the



calculation of the probability p(X + Y > 5). Note also that p(X +Y > 5|X =0) =p(X +Y >
51X =1)=0.

p(X+Y >5) = p(X =2)p(Y =4)+p(X =3)[p(Y =3) +p(Y =4)] +
PX =4)[p(Y =2) +p(Y =3) +p(Y = 4)]
125
T 4096

Hence,p(X+Y§5):1_p(X+y>5)=1_%
Problem 3.8
1) Since lim, ;o Fix(z) = 1 and Fx(z) =1 for all z > 1 we obtain K = 1.

2) The random variable is of the mixed-type since there is a discontinuity at x = 1. lim,_,o Fx (1—¢€) =
1/2 whereas lim,_,o Fx(1 +¢€) =1

3)
PR <X<1)=Fx(1) - Fx(z)=1- 7=
! _ 1111
P(§<X<1):FX(1)_FX(Q):ﬁ_Z:Z
5)

P(X>2)=1-P(X<2)=1-Fx(2)=1-1=0

Problem 3.10
1) The random variable X is Gaussian with zero mean and variance o = 1078, Thus p(X > z) =

Q(Z) and

4 1074
p(X>107" = @ (10—4) =Q(1) = .159
p(X >4x107% = Q@ (4%24) =Q(4)=3.17x107°
p(=2x 107 < X <107 = 1-Q(1) - Q(2) = .8182

_ p(X>107% X >0) p(X>10"%) .159
X>1074X >0) = = =" = 318
p(X > 107X > 0) (X > 0) (X > 0) 5

3) y = g(z) = zu(zx). Clearly fy(y) = 0 and Fy(y) = 0 for y < 0. If y > 0, then the equation
y = zu(zr) has a unique solution z; = y. Hence, Fy(y) = Fx(y) and fy(y) = fx(y) for y > 0.
Fy (y) is discontinuous at y = 0 and the jump of the discontinuity equals Fx (0).

Fy(0%) = Fy(07) = Fx(0) =

In summary the PDF fy (y) equals

Fo () = Fxuly) + 55(0)

The general expression for finding fy (y) can not be used because g(z) is constant for some interval
so that there is an uncountable number of solutions for z in this interval.



ElY] = /Oo yfy (y)dy

= /_ Y [fx(y)u(y)+%5(y) dy
L [T e trgy =
- V2ro? /0 ve = V2r

5) y = g(z) = |z|. For a given y > 0 there are two solutions to the equation y = g(z) = |z|, that is
z1,2 = +y. Hence fory >0

[x(z1) Ix(@2)

fr(y) = fx(@) + fx(—y)
|sgn(z1)| — [sgn(zs)|
2 2
= ——e 202
V2mo?
For y < 0 there are no solutions to the equation y = |z| and fy (y) = 0.
2 & y? 20
ElY] = / e_ﬁd = —
¥l V2ra? Jo Y Y V2

Problem 3.13
1)

ElY] = /Ooo yfy(y)dy > /oo yfy (y)dy
> o[ [y =ap(v 2 a)

Thus p(Y > a) < E[Y]/a.

2) Clearly p(|X — E[X]| > €) = p((X — E[X])* > €2). Thus using the results of the previous question

we obtain 9
p(X — BIX]| > 9 = p(X ~ BX)? > ) < AEZFEVT _ )

€2 €

Problem 3.20

Let Z=X+Y. Then,

Fae) =pX +¥ <) = [ h / Y ey (@, y)dady

Differentiating with respect to z we obtain

o g z—y
| &t

/_ fxy(z— Z/;y)diz(z —y)dy

fz(2)

/_ Ixy(z—y,y)dy

/_ " (e — o)y (y)dy

where the last line follows from the independence of X and Y. Thus fz(z) is the convolution of
fx(z) and fy(y). With fx(z) = ae”*®u(z) and fy(y) = Be P?u(x) we obtain

fZ(z)z/ ae *Be PV dy
0



If a = B then
fz(2) :/ a’e”%dv = a’ze” % u_4(2)
0

If a # 3 then

[ — e*ﬁz} u—1(2)

fz(z) = afBe P? /Z eB—a)v gy — i

0 —



