HW # 2 Solution

Problem 2.4
For the first two questions we will need the integral I = [ €®* cos® zdz.

1 . 1 . 1
I = —/coszx de®™ = Ze™ cos? ¢ + — /e“‘” sin 2z dz

a a a
1 ax 2 1 B ar

= —e"cos"z+ — [ sin2z de
a a
1 1 2

= Ze®cos’z + —26‘” sin 2z — — /e‘” cos 2z dx
a a a
1 azr 2 1 ax . 2 ar 2

= —e"cos"z + e sin2z — — [ e"(2cos"z — 1) dzx
a a a

1 1 2 4
= Ze®®cos?z + —26‘”“' sin 2z — — /e‘” dr — —1
a a a a

Thus,
— 1 2 : 2 ar
I_4+—a"’ (acos w+s1n23:)+5 e
1)
z z
E, = lim zi(t)dr = lim et cos® tdt
T—o0 _% T— o0 0
1 Z
= lim Z[(—2cos’t+sin2t) — 1] e
T—oo 8 0
1 ,T I
= Th_r)noo 3 [(—2cos 2 +sinT —1)e™" + 3] =3
Thus z1(t) is an energy-type signal and the energy content is 3/8
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z z
E, = lim z2(t)dr = lim e 2t cos? tdt
T—oco | % T—oo | _ %
0 z
= lim / e % cos® tdt + / e~ % cos® tdt
T— o0 _% 0
But,
0 1 0
lim e ?cos’tdt = lim - [(—2cos’t+sin2t) — 1] e
T—oo ) 1 T—o0 8 _

1 T
= lim 5 [—3 + (2 cos? 5 T 1+sin T)e

=
T—o00

— N

since 2 4+ cosf + sinf > 0. Thus, E, = oo since as we have seen from the first question the second

integral is bounded. Hence, the signal z»(t) is not an energy-type signal. To test if z5(¢) is a
power-type signal we find P,.

1 [0 1 (=
P, = lim — e ?tcos’ dt + lim — e 2t cos? dt
T—oo T -z T—oo T Jo



T ,
But limg_,o & [2 e 2t cos? dt is zero and
T Jo

1[0 1 T
lim — e ?cos’dt = lim — [2cos? = +1+sinT|el
T—oo T 7% T—oo 8T 2
1 1
> lim —e’> lim —~(1+7+7?% > lim T =00
T—oo T T—oo T T—o0
Thus the signal x2(t) is not a power-type signal.
3)
Z Z
E, = lim zi(t)de = lim sgn’(t)dt = hm / dt=lim T =00
T— o0 7% T— o0 7% T— o0
1 (7 1 (7 1
. 2 . .
Po= g [ = i g [ = 7
The signal z3(¢) is of the power-type and the power content is 1.
4)
First note that
A (2 A (2
Th_rgo » cos(2x ft)dt Z / . cos(2m ft)dt =0
so that
T 1 %
lim A%cos’(2rft)dt = lim —/ (A% + A% cos(2m2ft))dt
T—oo ) T T—oo0 2 T
Z
= lim — Azdt = lim A2T oS
T—o0 2 T—o0 2
T
2
E, = lim

(A? cos? (27 f1t) + B? cos® (2 fat) + 2AB cos(27 fit) cos(27 fat))dt

T—oo

|
NN

T
2

= lim A? cos®(2m fit)dt + lim / B? cos? (27 fot)dt +
T—oo J_T T—o0 -z

2

)

AB Jim ET[COSZ(%'( FL+ fo) + cos®(2n(f1 — fo)]dt

= oo+oo+0=00

Thus the signal is not of the energy-type. To test if the signal is of the power-type we consider two
cases f1 = fo and f1 # fo. In the first case

z

1 2
P, lim — / (A + B)? cos?(2n fy )dt
T—oo T _T

2

R | 2 [? _1 2
= 711—I>%<>2T(A+B) %dt—2(A+B)

If fl ;é f2 then

P, = Tlim T / ’ (A% cos?(2m f1t) + B? cos® (27 fot) + 2AB cos(2n fit) cos(27 fyt))dt
—00 _T
2
_ 4T BT)_ A B
T o T 2 2 | T2 T2



Thus the signal is of the power-type and if f; = f» the power content is (4 + B)?/2 whereas if f; # fo

the power content is (A2 + B?)
Problem 2.8
1) z1(t) = II(t) + II(—t). The signal II(¢) is even so that xz(t) = 2I1(¢)
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(0, t<-1/2
1/2, t=1/2
1, -1/2<t<1/2
o) =T -TEt-1)={ 0, ¢t=1/2
-1, 1/2<t<3/2
—1/2, t=3/2
| 0, 3/2<t
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. .
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-+ E &
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0, t<-1/2
1/4, t=-1/2
_ t4+1, —1/2<t<0
w3(t) = A(t) - II(?) —t+1, 0<t<1/2
1/4, t=1/2
0, 1/2<t
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0
7) 27(t) = 1+ sgn(t). Note that z7(0) = 1.
2
®
0
8) zg(t) = sgn?(t). Note that z5(0) =0
1
0

9) zo(t) = sinc(t)sgn(t). Note that z9(0) = 0.
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11) 11 (t) = 307, 5= TI(L) Note that for [t] < 1/2, z11(t) =Y 0 5= =1

H

Problem 2.30

In order for the signals 1, (t) to constitute an orthonormal set of signals in [a, a + Tp] the following
condition should be satisfied

a+Ty B
(Vn(t), Ym (1)) =/ V() ()t = S = { 1 m=n

0 m#n
But
a+T0 1 j27rlt 1 _jzﬂ—ﬂt
<¢n(t)>¢m(t)> = \/—T_(]e To \/—T_Oe To " dt
1 [fotTo o nom)
T T &P
0Ja
o (n—m)
If n = m then ¢/ T ' =1 so that
1 a+Ty 1 a+Top
= — —_ — 1
a0, 0n(0) = g [ =

When n # m then,

j2m(n—m)(a+To)/To
=0

1

<¢n (t)a ’(,bm (t» = me”

j2m(n—m)a/Ty

Thus, (¥n(t),¥n(t)) = dmn which proves that 1, () constitute an orthonormal set of signals.
Problem 2.31

:E1(t):1=>||x1(t)||:(/Olldt>§:1:>i1(t) i(t) _

RG]
. _ 1 _ 1, 1 B 1
zo(t) -in(t) = /0 tdt = =t =3
va(t) = wa(t) — (m2(t),i1(t))ir(t) =t — %
@l = ([ - yrar) = (%t b e ) (L
_ o w() 1
20 = = VD)



z3(t) i (t) = /Oltzdt:

i@ = [ evia— i — viz (Le - L
23(t) - in(2) /t 2(t ~ )it 12( ¢ t) 0
v3(t) = w3(t) — (x3(t),i1(t))i1(t) — (z3(t),41(2))in (¢)

1

1 2
los@®) = (/ (tZ—t+1/6>2dt)
0
14 2 1 3 12 1 %
= t t — — 2t -t — —t
(/0 AT *3 3)
B L SN L N B L BN b 1
= 5 +-t8 + =t| — <t — 2t = —
5 1, 9 360, 2 |, 6 |, 180
. U3(t) 2 t
13(t) = = 180t“ — 180" + 30
2@ = ol

The higher order polynomial functions are obtained in the same way.
Problem 2.33

1)
oo N 2
62 / x(t) — Zami(t)
- i=1
[e’s) N N
/ (m(t) - Zami(t)) (w*(t) =Y aj¢; (t)) dt
- i=1 j=1
%) N oo N 0o
/_ |m(t)|2dt—Za,~ /_ Bil0)a” (=3 o; /_ &3 (1) (t)dt
£ S ol / 6i(1)9) dt
i=1 j=1
N N 0o N 00
[ |x(t)|2dt+z o] — Za[ b ()™ (t)dt — Za;[ o ()z(t)dt

Completing the square in terms of «; we obtain

e2=/_Z| |2dt— /d),

The first two terms are 1ndependent of a’s and the last term is always positive. Therefore the

minimum is achieved for o
- [ sewa

dt

which causes the last term to vanish.

2) With this choice of a;’s

™
I

=[S o

:/ |x(t)|2dt—2|a,-|2
- i=1




Problem 2.34
1) The signal z;(t) is periodic with period Ty = 2. Thus

T1,n

1t o 1t ,
—/ At)e 727 5tqt = —/ A(t)e 9™ dt
2/, 2/

1 0 1

) 1 )
—/ (t+ 1)6_”"tdt+—/ (=t + 1)e~ 7™ qt
2 —1 2 0

— 1 (ite—jwnt + %e—jﬂnt>
2 \1mn m™4n 1
. 1
1/ . 1 .
_ | Y 4, —jrnt _ - —jnnt
2 (Wnte + m2n2¢ )

1 1 ; s 1
wE  gmenp(© 1) = (1 cos(an))

0 . 0
+ J e—jwnt

2mn

—1
. 1
_'_Lefj‘irnt
o 2mn

0

When n = 0 then
z —1/1 A@)dt =
10 =5 B =3

Thus

1 1
zi(t) = 5 +2 > —5—5 (1 = cos(mn)) cos(nt)
n=1

2) z2(t) = 1. It follows then that 229 = 1 and 22, =0, Vn # 0.

3) The signal is periodic with period Tp = 1. Thus

1 [T . o
T3n = ete 12mt gt = / el—i2mn+1)t gy
To Jo 0
1 i
_ 1 e —— e(—i2mn+1) _ 1
—j2m +1 0 —j2mn +1
e—1 e—1

= 1 )2
1—j2mn \/1+47r2n2( +j2mm)

4) The signal cos(t) is periodic with period T3 = 27 whereas cos(2.5t) is periodic with period
T> = 0.87. It follows then that cos(t) + cos(2.5t) is periodic with period T' = 4n. The trigonometric
Fourier series of the even signal cos(t) + cos(2.5t) is

o0
n
cos(t) + cos(2.5t) = ap cos(2m—t
() +cos(23t) = 3 ancosC2r)

> n
= Z a, cos(=t)
n=1 2

By equating the coefficients of cos(%t) of both sides we observe that a, = 0 for all n unless n = 2,5
in which case as = a5 = 1. Hence z49 = 245 = % and x4, = 0 for all other values of n.
5) The signal z5(t) is periodic with period Tp = 1. For n =0
! 1, "1
.735,0 = (—t + ].)dt = (——t + t) = —
o 2 o 2
Forn #0

1
Tyn = / (—t -+ 1)€7j27rntdt
0



1 1

+ J e—j27rnt

- _ Lte—jhrnt_}_Le—j%rnt
o 2™

2mn 472n2

0

Thus,

1~ 1 .
z5(t) = 3 + Z —-sin 2mnt
n=1

6) The signal z4(t) is periodic with period To = 2T. We can write z4(t) as

zg(t) = Y 8(t—mn2T)— Y 6(t—T —n2T)

n=-—oo n=-—oo
1 & 1 &

- = jm st jm & (t—T)

= o7 H_Zmej T Tar H_Zmej !

21

— Z _(1 _ e—jwn)ej%r%t

L= 2T

However, this is the Fourier series expansion of z¢(t) and we identify x¢,, as

1 i 1 0 mneven
son = =™ = - ={ § o
7) The signal is periodic with period 7. Thus,
T
1 ‘/7 ! —j2m Bt
Trm = = 0'(t)e 77" T dt
T/ g
1 d _ioon j2mn
— —(—=1)= —j2w =t —
A

8) The signal zg(t) is real even and periodic with period Ty = i Hence, s, = ag /2 or

775
2fo / cos(27 fot) cos(2mn2 fot)dt

Tgn =
)
1 1
4o 450
= fo/ cos(2m fo(1 + 2n)t)dt + fo/ cos(2mfo(1 — 2n)t)dt
S sin(27 fo(1 + 2n)t)|¢ + 1 sin(27 fo(1 — 2n)t)|$
27(1 + 2n) 5 | 2n(l— 2n) o

= (_;)n [(14—12n) T —12n)]

9) The signal x9(t) = cos(2w fot) + | cos(27 fot)| is even and periodic with period To = 1/fy. It is

equal to 2cos(2 fot) in the interval [~ 3, 7] and zero in the interval [1-, 7%-]. Thus
1
4fo
g = 2f0/ cos(27 fot) cos(2nn fot)dt

0

1 1

4fo EX)

= fo / cos(2m fo(1 + n)t)dt + fo / cos(2m fo(1 — n)t)dt
1
T a5 T afy



1 . ™ 1 . ™
= — 2 1 O+ — 2 1—n)t)|°
e+ 7) sin(2m fo(1 + n) )|ﬁ+27r(1—n) sin(2w fo(1 — n) )|ﬁ
1 T 1 T
7T(1+11)51n(2( +n))+w(1_n)sm(2( n))
Thus z9, is zero for odd values of n unless n = +1 in which case zg 11 = % When n is even
(n = 2I) then
_ (—l)l 1 n 1
B s T Y
Problem 2.42
1) Using the Fourier transform pair
e_alt‘ F 2a 2 1

o? + 2nf)?  An? 25 4 2

and the duality property of the Fourier transform: X (f) = Flz(t)] = z(—f) = F[X(t)] we obtain

2
(m) d

With a = 27 we get the desired result

L T
f[1+t2]_7re

1

_ — oalfl
iz T 17

2)
Flz@)] = FI{E—3) + (¢t + 3)]
= sinc(f)e 2™ 4 sinc(f)el? 3
= 2sinc(f) cos(2m3f)
3)

Flz(®)] = FIARt+3)+ A3t —2)]

= FIAR(+ 5)) +AGE - 3)]

1 ) 1 )
= §Sin62(£) nf3 4 gsian(g) —j2mf}

4) T(f) = Flsinc®(t)] = Flsinc?(t)sinc(t)] = A(f) (). But

oo 3 f+3
H(f)*A(f):/ TH(O)A(f — 6)dh = A(f—O)dG:/ Aw)do
—o0 ~3 I-%
3
Ror  f<—3=T(f)=0
F+3 f+3
For  —3<f<—3=T()= [+ =G +0) B =P +af+g
0 f+3

For —%<f§%=>T(f):/f_%(v+l)dv+/0 (—v+1)dv



i+3
:(%v2+v)f_é+(—%v2+v)0 :—f2+z
1 1
For %<fgg:¢ﬂn:/;$w+nw:cnw+mf1:—#—%f+§
For g<f=>T(f)=0
Thus,
0 f<-3
22Tl T8 —y<i<3
WOER I ES SR DY S
ey j<s]
0 §<f
5)
Fltsinc(t —1.7:' t —j 1) L 1) 1
sine(t)] = 27Tsin(rt)] = 5 [3(7 + 3) - 8(¢ - )|

The same result is obtain if we recognize that multiplication by ¢ results in differentiation in the
frequency domain. Thus

Flesind = - 21100 = - [ot7 + 5) =87 - )]

6)
Flecostafot)] = 21 (5007 - o) + 300+ )
= L@(-m+3(+fo)
0
Fle=t cos(Bt)] = 1 2a 2a
2| @2+ @nl(f = £)P | o+ @n(f + L))
)
—a d
Flte=t cos(Bt)] = %3<M+m6—§w+ﬁ+@é+gw)

Problem 2.47

1) Clearly
z1(t + kTo) = Z z(t + kTy — nThp) = Z z(t — (n — k)Tp)
= i z(t — mTo) = z1(t)

10



where we used the change of variable m =n — k.

2)
* Z 5(t—nT0)
This is because
/jo o) S 8t —7—nTo)dr= 3 /_Oo 2ot — 7 —nTo)dr = S a(t — nTy)
3)
Flz1(®)] = Flz Z 8(t —nTy)] = Flz(t) Z 0(t — nTy)]
= X(f)Ti0 S - =g X X@-g)

Problem 2.48
1) By Parseval’s theorem

/ ” sinc®(f)dt = / ” sinc® (t)sinc? () dt = / T AT

where
T(f) = Flsinc®(t)] = F[sinc?®(t)sinc(t)] = T(f) = A(f)
But
o0 3 F+3
H(f)*A(f):/_ T(O)A(f — 6)d = _lA(f—H)dQ:/_l Aw)do
3
For f§—§:>T(f):0
f+3 f+3
For  g<f<oy=T()= [ e Dd= (Gt an)| =i is g
0 F+3
For —%<f§%:>T(f):/f%(v+1)du+/0 (=0 + D)dv
0 J+3
:(%v2+v)f_é+(—%v2+v)0 :—f2+g
1 1
For %<f§g=>T(f)=/_%(—u+1)dv=(——v2+v)H=—f2—;f+§
For g<f=>T(f)=0
Thus,
0 f<-3
22 Haf s E<U<—;
T(f)=q —f*+; -3<f<3
ey p<r<
0 s5<f
Hence,

[e) —% 0 ) 3
| soroa = [ TGResreuena+ [ Do

1
2

11
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_a
64
2)
/ e “sinc(t)dt = / t)sinc(t)dt
0
- / a+]27rf Hdf = /1a+327rff
_ 2 _ 1 atgr. 1 g7
= J27T1 n(a + j2r f)|” = j27r1n(a—j7r)_7rtan 5
3)
/ e~tsinc? (f)dt = / ety (1)sinc? (£)dt
0 —o0
= [ 0
o atg2nf
0 1
f+1 / -f+1
= d d
at+jnf * 0 a"'ijf
But [ - fodr = § — i In(a + bz) so that
0o f 0
e “sinc*(t)dt = (=— + —ln a+ j2n
/0 it = (G + oy nla+ j2e)|
f 1y 1
—(']2—7_‘_ + —ln( + j27f)) . + .ﬂ—ﬂln(a + j27f) B
_1,2m o «a
= ;tan (E) + ﬁln(iﬁﬁ +47r2)
4)
/ e~ cos(Bt)dt = / e~ u_1(t) cos(Bt)dt
0 —o0
N 1 p B
= 5/_00 W(fs(f %)+5(f+ %))dt
_ o1 L __ae
 2a+j8 a—jB a2+ 2
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