ESE 532
HW+#4 Solutions

Problem 4.1

6
H(X) = =) pilog,p; = —(0.1l0g, 0.1+ 0.2log, 0.2
=1

+0.31og, 0.3 + 0.05log, 0.05 + 0.15log, 0.15 + 0.2 log, 0.2)
2.4087 bits/symbol

If the source symbols are equiprobable, then p; = % and
6
1 .
Hy(X) == pilog,p; = —log, g =108, 6 = 2.5850 bits/symbol
i=1

As it is observed the entropy of the source is less than that of a uniformly distributed source.

Problem 4.2
If the source is uniformly distributed with size NV, then p; = % fori=1,...,N. Hence,
N N 1
H(X) = _Zpi10g2pi = —Z 1082
=1 =1
1 1
= —NNlog2 N = log, N
Problem 4.3

1
H(X)=—E pilogp; = E piIOg;
. . 1

By definition the probabilities p; satisfy 0 < p; <1 so that -~ > 1 and log 7~ > 0. It turns out that each term under

summation is positive and thus H(X) > 0. If X is deterministic, then py = 1 for some k and p; = 0 for all 1 # k.
Hence,

H(X)=-) pilogp; = —plog1 = —p0 =0
i

Note that lim, ,oxzlogz = 0 so if we allow source symbols with probability zero, they contribute nothing in the
entropy.

Problem 4.4
1)
H(X) = =Y p1—p)* " logy(p(1-p)*")
k=1
= —plog,(p) Y_(1—p)¥" —plog,(1-p) Y (k—1)(1 —p)¥~*
k=1 k=1
1 1-p
= _pIng(P)m — plogy (1 —P)m

1-p
= —logy(p) — D log,(1 — p)

2) Clearly p(X = k|X > K)=0for k < K. If k > K, then

_ _PX=kX>K) pl-p*t
PX =k > K) = e~ X > K




But,

oo [e] K
pPX>K) = Y p(l-pFt= (Z(l -p)f Tt =>"a —p)’“_1>

k=K1 k=1 k=1
_ 1 _1—(1—p)K (1 _ K
= p(l—(l—m 1—(1—p)>‘(1 P)

1-—
p(X:k|X>K):p(17p

so that

Ifwelet k= K+1withl=1,2,..., then

p(X =k|X >K) = 2l _g)i(;);p) - p(1—p)!

that is p(X = k|X > K) is the geometrically distributed. Hence, using the results of the first part we obtain

o0
HX|X>K) = —=> p(1—p)'"log,(p(1—p)'™")
=1
— D
= —log,(p) log, (1 —p)
Problem 4.11
1)
H(X) = —(.05log,.05+ .1log,.1+ .1log,.1+ .15l0g,.15

+.051og, .05 + .25log, .25 + .3log, .3) = 2.5282

2) After quantization, the new alphabet is B = {—4,0,4} and the corresponding symbol probabilities are given by

p(—=4) = p(=5)+p(—3)=.05+.1=.15
p(0) = p(=1)+p0)+p1)=.1+.15+.05=.3
p(4) = pB3)+pB)=.25+.3=.55

Hence, H(Q(X)) = 1.4060. As it is observed quantization decreases the entropy of the source.

Problem 4.20

From the discussion in the beginning of Section 4.2 it follows that the total number of sequences of length n of a
binary DMS source producing the symbols 0 and 1 with probability p and 1 — p respectively is 2*7(®). Thus if p = 0.3,
we will observe sequences having np = 3000 zeros and n(1 — p) = 7000 ones. Therefore,

# sequences with 3000 zeros = 25813

Another approach to the problem is via the Stirling’s approximation. In general the number of binary sequences of
length n with k zeros and n — k ones is the binomial coefficient

To get an estimate when n and k are large numbers we can use Stirling’s approximation
n n
n! =~ v2mn <—)
e

Hence,
10000! 1 1010000

300017000!  21+/2730. 70

# sequences with 3000 zeros =

Problem 4.22
1) The entropy of the source is

4
H(X)=-p(a;)log, p(a;) = 1.8464 bits/output
i=1



2) The average codeword length is lower bounded by the entropy of the source for error free reconstruction
the minimum possible average codeword length is H(X) = 1.8464.

3) The following figure depicts the Huffman coding scheme of the source. The average codeword length is

RX)=3x(2+.1)+2x.3+.4=19
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4) For the second extension of the source the alphabet of the source becomes A% = {(a1,a1), (a1, a2),...(as,as)} and
the probability of each pair is the product of the probabilities of each component, i.e. p((a1,az2)) = .2. A Huffman
code for this source is depicted in the next figure. The average codeword length in bits per pair of source output is

Ry(X)=3x .49 +4 x .32+ 5 x .16 + 6 x .03 = 3.7300

The aberage codeword length in bits per each source output is Ry (X) = R2(X)/2 = 1.865.

5) Huffman coding of the original source requires 1.9 bits per source output letter whereas Huffman coding of the
second extension of the source requires 1.865 bits per source output letter and thus it is more efficient.
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Please let me know if you find any mistake in this solution




