ESE 535 Solutions to Homework # 2

Problem 3.1:

(a) Let X have cummulative distribution function F(z), then

E[X] = /Ooox dF (z)

_ /OdeF(:v)+/;o:vdF(x)
>0

> /;OmdF(z)

> 75 dF@)

[
= § Pr{X > ¢}.

Thus Bix
Pr{X >} < %

Given § > 0, an example of a R.V. with

Pr{X > 6} = @

is:
X — { 6 with probability §, ,
0 with probability 1 — 7,
where p 2 E[X]and § <1 (ie, p<94). ]

(b) Letting X = (Y — p)? in Markov’s inequality (with § = £2) yields:

Pr{(Y —u)?>¢e?} < Pr{(Y —p)?>¢?
2
< El¥ . 1)l
€
T2
But, Pr{(Y — u)? > &%} = Pr{|]Y — u| > ¢}. Thus, Chebyshev’s inequality is proved. O
(c) Use Chebyshev’s inequality with Y = Z,, along with the facts that E[Z,] = u and Var(Z,) =
”n—Z, (since Z is the sum of n iid R.V.’s %, each with variance %;) Hence,
- Var(Z,) o°
PrilZn —pl > e} < —5— = .
Taking n — oo, yields the Weak Law of Large Numbers (WLLN). O

Problem 3.3: Let X be a DMS with P(X =0) = 0.995 and X = {0, 1}.



(a) The number of sequences of length 100 with 3 or fewer ones is:

23: (100) _ (100) N (100) N (100) N (100)
=\ i 0 1 2 3
— 1+ 100+ 4950 + 161700
= 166751.

Thus, the codeword length = [log, 166751 = [17.34] = 18.
So the block encoder is: f : {0,1}!% — {0,1}!8, and is uniquely decodable on the 100-bit
sequence with 3 or fewer ones.

Note: Code rate R = {& = 0.18 bits/source sample, while the source entropy H(X) =
hy(0.995) = 0.0454 bits/source sample. R >> H(X): Not a very good code.

(b) Let C1%) be the set of source sequences that have no codewords assigned to them:

Pr{C1%} = 1— Pr{100-bit sequence has 3 or fewer ones}
2. (100 : ;
= 1— ~ 1(0.005)¢(0.995) 100

= 1-0.99833 = 0.00167.

(c) Let S, =X;+...+ X, and let 4 and 02 be the mean and variance of each of the iid R.V.’s
X;’s. ;1= 0.005 and o2 = 0.004975. Here n = 100. Note that E[S,] = nu. By Chebyshev:

Var|S no?
Pr{|Sy, —nu| > e} < 6£ n _ o

Need to find Pr{Sipo > 4} !
But S190 > 4 < |S100 — (100)(0.005)| > 3.5. Thus choose ¢ = 3.5, and

(100)(0.004975)

= 0.04061.
(3.5)?

P’I‘{C(loo)} = P’I“{Sl()o > 4} <

Compared to the actual probability from part (b), this is a pretty loose bound !

Problem 3.5: Let X7, Xs,... be a sequence of iid RV’s with generic pmf p(x), where z € X =
{1,2,...,m}. Let ¢(X1,X2,...,Xn) = [[i=1 ¢(X;), where ¢(-) is another pmf on X.

(a) We first observe that

[~ log q(X;)] -
1

S|

(3

n
=1 =

1 1 n
—EIOgCJ(Xme vy Xp) = —Elog [H Q(Xi)] =

Since the X;’s are iid, then so are the RV’s Y; = [—logg(X;)], for ¢ = 1,2,.... Therefore,
by the WLLN, we have that %2?21 Y; converges (in probability) to E[Y1] = E,[—log ¢(X1)]
as n — oo; (in fact, by the strong law of large numbers (SLLN), the convergence is with
probability one):

. 1 .
nli)nolo—ﬁlogq(Xl,Xg,...,Xn) = Ep[—logq(X,)] with prob. 1
1
= p(z)log —
%ZX (@) q(z)
1
- X o [0
2 P@) a(a)

= H(p)+ D(pllg)-



(b) Similarly, by the SLLN, we have

lim 1 log 94Xy, Xn)
n—oon (Xl,... Xn)
Problem 4.4:
(a) By the chain rule for entropy
Lax,,... x) = LEX
n 1’ ey n) — n 1’ aea

s Xn—1) + H(X,| X1, ...

5

nlzgogzl aF

P [os

] with prob. 1

e
g;{p z) log (@)
—D(pll|g).

aXn—l)] (*)7

but by stationarity and the fact that conditioning decreases entropy,

s Xn—1) < H(X;| X4, ...

H(X,|X1,...
Thus
(n - ].)H(Xn|X1, e aXn—l) =
<
Hence
H(Xp|X1,...,Xn1

n—1

aXi—l) VlS’LS’n

n—1
Y H(X,|Xy1,..., Xpo1)
i=1
n—1
> H(Xi|X1,..., Xio1)
i=1
H(Xy,...,X,—1) by the chain rule.
1
H(X1,...,Xn_1).

Now applying the above inequality to (*) yields

Yax,... . x,) <
n
Thus 1
~H(Xy,...
n
(b) Asin (a) we know that
H(X,|X1,. ..

Write

H(X,| X1, . ..

1

n

) Xn—l)

%[H(Xl,...
)(

, Xn) <

y Xn—1) < H(X;| X1, ...

~~

n—1

n—1

—

~
~

IA

N

1
,Xn—l) + ﬁH(Xl, e ;Xn—l)]

)H(Xl,...,Xn_l).

1

H(X1,...,Xn_1).

aXi—l) V].S’LS’II

1 n
=Y H(X,|Xi,..., X 1)
VI
=1
1 n
. ZH(X1|X15 s aX’L'fl)
n -
=1
1
—H(X1,...,X,),
n

where (1) follows from the above fact and (2) follows from the chain rule for entropy.



Problem 4.5: We first determine the stationary distribution: py,(0) = Pr{X,, = 0} and py(1) =
1-poo(0) = Pr{X, = 1}. To do this, we solve the equation: ps(0) = (1—po1)Poo(0)+P10(1—p(0))-
The solution of this is P (0) = p10/(Po1 + P10)-

()

(b)

(c)

(d)

(e)

The entropy rate of the process is:

H(X) = H(X |X1)
(
(

= hy P01) 0 (0) + hp(p10)Poo(1)

b1o DPo1
Po1) ————— + hy(pro) ————.
Po1 + P1o Po1 + p1o

I
>

b

dH(X) _

To find the maximizing pg; and pig, we solve the equations: oo = 0 and a};(w) = 0.
Another way (which is easier) is to realize that H(X) < 1 with equality iff X is i.i.d. with a
uniform distribution. This is possible only when pg; = p1g = 1/2.

Here pp1 = p and p1g = 1. Hence

1+

To find the maximum entropy, we solve the equation:
OH(X) _ hy(p)(1 +p) — hs(p)
p (1+p)?

which is equivalent to hj(p)(1 + p) — hs(p) = 0. Solving for this, we get p> —3p +1 = 0,
yielding p = (3 — v/5)/2 = 0.382. The maximum entropy rate is H(X) = 0.694241913 bits.

=0,

Let A; = {allowable (non-zero probability) state sequences of length ¢}. Then N(t) = |Ay|.
The first few sets in the sequence are:

A1 = {0,1},

Ay, = {00,01,10},

As = {000,001,010, 100,101},

As = {0000, 0001,0010,0100,0101, 1000, 1001, 1010}.

The first few set sizes are: N(0) = 1,N(1) = 2,N(2) = 3,N(3) = 5,N(4) = 8, N(5) =
13, N(6) = 21,.... It can be easily shown that

N@#)=N@E-1)+N(t—2),

i.e., {the size of A;} = {the size of A;_;}+{number of terms in A;_; which ends in 0}. This
is known as Fibonacci sequence. Now, define

a = N(t)/N(t - 1).

Plugging a; into (x) above, we get a; = 1+ 1/a;—;. Finding the fixed point of this equation
(by setting a; = a;_1), we obtain lim;_,o a; = a = (1 4+ v/5)/2.

Nt)=<f[ai>N0

Taking the log of both sides, we get

Now,

1
- log2 Z log, a; + log2 N(0).



Taking the limit as ¢ — oo, we get

1++5
2

1
Hp = lim —log, N(t) = log, < > = 0.694241913bits.
t—oo t

Hj is an upper bound on the entropy rate because the terms in A; are not necessarily uniformly
distributed. Hj is very close to the maximum entropy calculated in part (d), hence the upper
bound is tight.

Problem 4.6: Consider a DMS with alphabet X = {1,2}, and symbol durations /; = 1 and Iy = 2.
Let P{X =1} épl and P{X = 2} épg =1—p;. Then

H(X) —pilogypr — (1 —p1)logy (1 —p1)

E[lx] 2—-p

We need maximize H(X)/E[lx]| over p;. This is achieved by verifying that W <0
1

(check it !) and then setting the first derivative to zero:

O(H(X)/E[lx])
Op1

=0.

Carrying the above computation yields

]__
logy (1 —p1) —2logyp1 =0 &= logy — 4 =0
1

— p%+p1—1:0.

The acceptable root of the above equation is pi = (—1 + +/5)/2 = 0.61803. Thus

[H(X)

= (0.69424 bits/unit time.
E[ZX] ] maz

Interestingly, the answer here is the same as in parts (d) and (e) of problem 4.5

Problem 4.7: Note that Xy — X,,_1 — X,, form a Markov chain in that order. Therefore, by the
data processing theorem, we have

I(Xo; Xpn—1) > I(Xo; Xn);

ie.,

H(Xy) — H(Xo| Xpn-1) > H(Xo) — H(Xo| Xp).
Therefore H(Xy|X,) > H(Xo|Xp—1) and hence, H(X(|X,) is non-decreasing in n. Note that
stationarity is NOT required here. |

Problems 4.8: First consider the model in problem 4.8. Let

x = (z1,%2,...,2,) € {0,1}",
n
wg(x) = Z z; = Hamming weight of x.
i=1

-1
Note that (X7, Xs,...,X,—1) are i.id. and X;, = X1 @ X0 P ... d X,,_1 = E—l X;, where @ is
the modular-two addition. Thus B

_ o) @2mt if wy(x) is even
PriX=xj= { 0 if wr(x) is odd



(a) Note that if neither ¢ nor j is equal to n, then X; and X; are independent by definition. Now
assume that s € {1,2,...,n— 1} and j = n.

-1
PI‘{X” = $n|Xz = .’L‘Z} = PI‘{EZle = $n|Xz = .’L‘Z}
-1
= PT{EZI k;éZXk =z, D ~TZ|XZ = .’L'Z}

-1
= PT{E:L/#Z‘X’“ = I, ®T;}.

The last equality is by the independence of (X1, Xo, ..., X,—1). Now, note that (X1,..., X; -1, X;41,. ..

{0,1}"~2. Furthermore, exactly half of the sequences in {0, 1}"~2 have even Hamming weight
and the other half have odd Hamming weight. Thus

—1
Pr{Ezl,kiiXk = 0} = 1/2

Hence, Pr{X, = z,|X; = z;} = 1/2 = Pr{X,, = z,}, which implies that X,, and X, are
independent.

(b) H(X;,X;) = H(X;) + H(X;) = 2 bits if i # j.
(c)

i

H(X)=H(X1,Xo,...,Xp) :ﬁ(Xn\Xl,...,Xn_lz—l—fI(Xl,...,Xn_l).

=0 =n—1
Thus H(X) =n — 1 bits.

Problem 4.9: Let ..., X 1, Xy, X1,... be a stationary process.

(a) True, since by the chain rule for entropy, we can write
H(X,|Xo) = H(Xo,Xn)— H(Xy),
H(X—n|X0) = H(X_p, Xo) — H(Xo).
However H(Xy,X,,) = H(X_,, Xo) by stationarity; therefore H(X,|Xo) = H(X_,|Xp). O

(b) False. Here is a counterexample. Let Xg, X1,...,X,,—1 be uniform binary iid RV’s, and let
X = Xp—pn if k > n. Then H(X,|Xo) = 0 (since X,, = Xy), and H(X,,—1|Xo) = H(Xp-1) =
1. This contradicts the statement that H(X,|Xo) > H(X,—1|Xo). O

Remark: This statement is true if the process is stationary and Markov.

(¢) True, since

—
NIZ

H(Xp| XM Xp01) =2 H(Xy,.. o, Xp1) — H(X1, .o, X1, Xpi1)

—~
N
—

H(Xs,...,Xn42) — H(X2,...,Xn, Xnt2)
H(Xp4+1|X3, Xnt2)

—
w
=

,\
Ve

H(Xp11|X1, X3, Xnyo)
H(Xpn 11| XT, Xnt2),

where

e (1) and (3) follow from the chain rule for entropy.
e (2) follows by stationarity.

e (4) follows from the fact that conditioning reduces entropy.

Therefore H(X,|X? !, X,.,1) is non-increasing in n. O

, X



Problem 4.10:

(a)

n
H(X1,Xo,...,X,) = H(X1) + H(X3|X1) + > H(Xi| X;, ..., X1).
=3

For i > 1, {X;} is a second-order Markov chain, since at time i, we need to know only the
previous two states (at times 7 — 2 and ¢ — 1) in order to know whether the dog reversed
direction or not. So

H(X;| Xi-1, Xi—9,...,X1) = H(X;| X;_1, X;_2).

Since Xy = 0, X takes on values +1 and —1 with probability P(X; = +1) = P(X; = —1) =
L. Hence H(X;) = 1.

H(Xo|H1) = =) px, x; (z2]z1)p(21) log px, x, (z2|21)
r1 X2
= - > > pxyx (2]k)px, (k) log px, x, (z2]k)
k=—T1,41 eo=k—1,k+1
1
= = D> pxx (@] - 1)(5)10gpx2|xl (z2| — 1)
z2=-2,0
1
— Y pxoxy (x| + 1)(5)1ogpx, x, (22| +1)
z2=0,+2
H(X3|H1) = —pxyx,(—=2[—1 log px,|x, (=2 — 1)

long2|X1 (O| - 1)

log px,|x; (0]1)

A~ NN R~
e el T

) log px, | x, (+2[ + 1)
= —(0.9) (%) log 0.9 — (0.1) (%) log 0.1
+(0.1) (%) log 0.1 — (0.9) (%) log 0.9.

Thus H(X3|X1) = —0.910og 0.9 — 0.11og 0.1 = hy(0.1).

Now to compute H(X;|X;_1, X;_2), first realize that since the dog started at 0, then at time
1, the maximum and minimum positions it can be at are +¢ and —:¢ respectively. Hence,
Xiie{-(G—-1),-1+2,—i+3,...,4—2,i — 1}. Thus:

H(Xi|Xi—1,Xim2) = = D). > px;ixi1,Xi0 (TilTic1, Tiz2)

Ti—1 Ti Ti—2
PX;_1X;_» (l‘i—la CCi—Z) logp(xi |37i—1a xi—Z)
1—1
= - Z Z Z pXi\Xi—lyXi—z(”kaj)
k=—(i—1) I=k—1,k+1 j=k—1,k+1
pXilei72(k7j) 10ng¢|X¢_1,Xi_2(l|kaj)-



Now observe that

Pxi|Xio1, X (B + 1k k—1) = 0.9

PxX %o (B— 1k k—1) = 0.1 (¥

PXi X, Xims B+ 1k E+1) = 0.1 (%)
(k )

Pxi|X; 1, %ok —1k,k+1) = 0.9

where (x) denotes the cases of reversal in direction. Now using the following shorthand

notation
pXi|X¢—1,Xi—2('|'a ) =»p(|,:), and pXi—lXifz(" ) = (),
we get
H(X;|Xi1,Xi—2) = —Y_ [p(k— 1]k, k — )p(k,k — 1) logp(k — 1|k, k — 1)

k=—(i—1)
+ p(k—1lk,k+1)p(k,k+1)logp(k — 1|k, k+1)
+ pk+ 1|k, k—1)p(k,k —1)logp(k + 1|k, k — 1)
+ pk+ 1|k, k+ 1)p(k,k +1)log p(k + 1|k, k + 1)]

1—1
= > pxiaxis(kk—1h(0.1)
k=—(i—1)

+ pXi—lXi—Q(k7 k+ 1)hb(0-1)]

—1
= hb(O'l)[ Z [pXi—lXi—Q(k7 k — 1) +pXi—1Xi—2(k’ k + 1)]
k=—(i—1)

v

~~

=1 (*x)

(*%) is true since these are all the possible values that X; ; and X; 2 can jointly have. Thus

H(X;|X;-1,X;-2) = hp(0.1).
H(X1,...,Xp) = 14 hy(0.1) + (n — 2)hy(0.1)
= 14 (n—1)hy(0.1)
= 1+40.469(n —1).

(b) H(X) =lim, 00 2H(X1, ..., Xp) = limy, o0 2489071 — 469 bits /sample.

(¢) The dog needs to take at least one step to establish the direction of his walk from which it
ultimately reverses. Let K be the number of steps between reversals. K has a geometric
distribution P(K = k) = (0.9)¥71(0.1), k=1,2,.... Thus

o 1
EK]=Y k(0.9%1(0.1) = — = 10.
(K] =D K 01

Problem B: Binary Symmetric Markov Source

(a) Solving 7 = 7@ where 7 = [my, 1] and

_ p l1—p
o-[\%, 7]



yields m = [1/2,1/2]. Thus need P(X; = 0) = P(X; = 1) = 1/2 to get a stationary Markov
process.

(b) If p =1/2, Thus, P(X,, = 0|Xp—1) = P(X,, = 1| Xp—1) = % = P(X, =1) = P(X, =0). Thus,
X,'’s are i.i.d.

(c) If p=1, {X,,} is not irreducible and not ergodic.
(d) If p =0, {X,} is irreducible < ergodic.

(e) H(X) = H(X2|X1) = hy(p), where hy(z) = —zlogz — (1 — z)log(1 — z).

Please let me know if you see a mistake in this solution.



