ESE 535 Solutions to Homework # 4

Problem 8.1:

(a) X 5Y =Y =g(Y) form a Markov chain. Hence by the Data Processing Theorem,
I(X;Y) > I(X;Y) Vplz) (%)

Let f(z) be the input distribution that achieves C' = max,,) I(X;Y’), then

C

max,;) [(X;Y)

I(X5Y) (@) =s(a)

I(X; Y)'p(cc):ﬁ(x) by (*)
C.

(AVARYS

(b) We have no strict decrease in capacity if C = C. This holds iff
XY =¢gY)=Y

form a Markov chain (e.g., X and Y are independent or g(-) is invertible).

Problem 8.2:

Y1 Y2 Y3 PI‘{W == al\Yl,Yg, Yg} PI{W == a2|Y1,Y2,Y3} ,B(Y1Y2Y3)

0 0 O (1—€)3/[(1 —€)3 + €] /(1 —€)3 + €% ay

0 0 1 |e(l—e?/[e(1—e?+e2(1—¢)]| (1 —¢€)/[e(l—e)?+e2(1—¢)] aq

0 1 0 |el—e?/[e(l—e?+e(1—e)] | (1—e)/[e(l —e€)?+e2(1—¢)] ay
@[ 1 0 0 |el—e?/[e(1—e?+e(1—€)]|e(1—e)/le(l1—e€)?+eX(1—¢) aq

0 1 1 ][eE1—-e/e(l—e?+e(1—e)]]|e(l—e)?/[e(l1—e)?+e2(1—¢)] as

1 0 1 |E0-¢/le(l—e?2+e(1—€)]|e(l—e€)?/[e(l—e)2+e2(1—¢)] a9

1 1 0 |E0-e/le(l—e?+e(1—e)]|e(l—e€)?/[e(l —e)2+e2(1—¢)] as

1 1 1 e /[e2 + (1 —¢€)?] (1—¢€)3/[e2 + (1 —¢€)?] as

(b) Maximum likelihood (ML) decoding minimizes the probability of error when messages are
equally likely. For a ML decoder:

’B(Y YY) — a1 if PI‘{W = a1|Yv1aY'25Y3} > PT{W = a2|Y1,Y2,Y:.,,}
1Y2Y3 ag if Pr{W = a1|Y1,Y2, Y3} < Pr{W = ay|Y1,Y2, Y3}

From (a) we can see that this is what the decoder does when € < 1/2;i.e., e <1 —e.
(c) Pr{W #W} = ()1 —e) + (§)€® = (3 — 2e).

(d) Consider the ratio

Pr{W = a;|Y2"1} B GZYi(l _ 6)2n+1—ZYi B (1 _ 6>2n+1—22Yi
c .

Pr{W = ap[Y*" "'} @nt1-2Yi(1 — 2V
This is < 1if ¥2"71Y; > n; and it is > 1 if 1.2"1'¥; < n. Thus the optimal decoder will be

N a ifYY, <n
WZﬂ(YQnH):{ s if%YZ;n '



Pr{error} = Pr{W # a1|W = a1} = Pr{
Let § = 1/2 — ¢ > 0. By the WLLN,

2n1+1 S Z; > 1}, where {Z;} is the i.i.d. noise process.

1 2n+1
Pr{2n+1§Zi>e+5}—>0 as n — oo.

Thus Pr{error} — 0 as n — oo.

Note that in this problem, the rate, R, in bits/channel use goes to zero also. Before Shannon
published his paper, it was thought that the only way for Pr{error} — 0 is to have R — 0. But
Shannon showed that it is possible to have Pr{error} — 0 while maintaining a fixed R.

Problem 8.3: X = {0,1}, P(Z=0)=P(Z =a) = 3,50 HZ) =1 (ifa #0). Y =X+ Z

(ordinary addition). The capacity of the channel depends on the value of a; there are four cases:
Case (i) a = 0: Here X =Y = {0,1} and the channel reduces to a BSC with crossover probability
0 (or Y = X; Noiseless Channel).

So C =1 — hy(0) = 1 bit/channel use.

Case (ii) @ = +1: Here Y = {0, 1,2}

[12 172 o0
p(ym_[ 0 1/2 1/2]

Hence the channel reduces to a BEC with parameter a = %
So C=1-a=1-1/2= 1 bits/channel use.

Case (iii) a = —1: Here Y = {-1,0,1}

1/2 1/2 0
p(yk”):[ 0 1/2 1/2]

Here also, we get a BEC with parameter a = %; so C = % bits/channel use.

Case (iv) a # 0 and a # £1: Here Y = {0,1,a,a + 1}

12 0 1/2 0
p(ym:l 0 1/2 0 1/2]

The channel is symmetric, so p(z) = % Vz achieves capacity and

C =logy4—1=1 bit/channel use.

Problem 8.4: C =1 — hy(p). Now,

I(X™Y™) = HY") —-H@{Y"X")
HY"™ —H(X10 Z1,..., Xpn ® Zp| X1,... Xp)
Zi,...,2Zyn) (since X; and Z; are independent)

= H{Y") - iH(ZﬂZ’l*l) (chain rule)

> HY™) - Z H(Z;) (since conditioning reduces entropy)

= H(Y"™) —nhy(p) (Z; has constant marginal pmf (p,1 — p)).



But Y" € Y™ = {0,1}"; thus for any X"
H(Y™) < logy [V"| = logy(2") = m,

with equality iff Y” ~ Bern(1/2) (iid uniform); this occurs iff X™ ~ Bern(1/2) (verify it). Hence,
maxygny H(Y") = H(Yn)|Xn~Bern(1/2) =
Therefore,

max [(X™;Y") = maxH(Y") - H(Z")

p(an) p(z")
> max H(Y™) — nhy(p)
p(z™
= n—nhy(p) =n(l - hy(p))
= nC.

Thus, a channel with memory has higher capacity than an “equivalent” memoryless channel.

Problem 8.5:
The DMC is described by Y = X & Z (mod 11), where X =Y = {0,1,2,...,10}, X and Z are
independent (X L Z), and Pr{Z =1} =Pr{Z =2} =Pr{Z =3} =1/3.

(a) C =max, I(X;Y) = max, (H(Y)—H(Y|X)). But H(Y|X) = H(X®Z|X) = H(Z|X) =
H(Z) = logy(3), since X | Z. Furthermore, since the channel is symmetric, capacity is
achieved when X is uniform. This yields a uniform Y with max,,) H(Y') = logy(11). Hence,

C =log,(11) —logy(3) = 1.87 bits/channel use.

(b) From (a), p*(z) = 1/11 for all z € {0,1,2,...,10}.

Problem 8.6:

We assume that the two channels are independent. So Y7 and Ys are conditionally independent
given X7 and X5. Let p*(z1) and p*(z2) be the distributions which achieve C; and Cs, respectively.
The capacity of the parallel channel is given by

C = max I(Xl,XQ;Yl,YQ).
p(z1,72)

Note that

I(X1,X2;Y1,Y5) H(Y1,Y2) — H(Y1,Y2| X1, Xo)

H(Y1,Y2) — [H(Y1|X1) + H(Y2|X2)]

~
5]
~—

~~
o
=

< HW)+ H(Y2) — [H(Y1|X1) + H(Y2|X2)]
= I(X1;Y1) + I(X2;Y2)
< C1+ Cs.

Here, (a) is by the independence of the two channels and (b) is by the independence bound on
(Y7,Y3). Note that inequality (b) is achieved if X; and X5 are independent.
Thus C = C; 4+ C5 and the distribution which achieves capacity is

p*(z1,72) = p*(21)p" (72).

Problem 8.7:

(a) C =log, 26 = 4.70 bits/channel use.



(b)

1 1 b
: 200 0 0
0 5 20 00
00 i1 00
plyle) = | . . : :
0000 %%
[ 3 000 0 5 |

This channel is (weakly) symmetric, so
C = log |V -HYI|X =)

logy 26 — 1
= logy 13 = 3.70 bits/channel use.

(C) M= 1376 = {a,c,e,g,i,k,m,o, Q737u7way}'

Bla) = ) =1
Blc) = pB(d) =2
Ble) = B(f)=3
Blg) = B(h)=4
BE) = B@H) =5
Bk) = B()=6
B(m) = p(n)=7
Blo) = B(p)=38
Blg = B(r)=9
B(s) = B(t)=10
Blu) = Bv) =11
Blw) = plz)=12
Bly) = Blz) =13

Here, Apqaz(C) = 0 and the rate is R = logy 13 = C bits/channel use. This is a special DMC
in which a small blocklength code can achieve capacity.

Problem 8.8:

Here, we have a cascade of n independent BSCs with identical crossover probability p. The cascaded
channel has two inputs and two outputs. It is straightforward to show that the cascaded channel
is a BSC. To determine its crossover probability, proceed as follows.

p(0[0) = Pr{# of errors in the n component channels is even}
n n B
= > <k>p’“(1 —p)"
k=0
k even

n
= Z Fk7
k=0

k even



where F}, is defined as Fj 2 (1)p*(1 — p)"~*. Now

n n
2p(00) -1 = 2> Fp— Y F
k=0 k=0
k even
n n n n
= > B+ Y B- ) F- ) F
k=0 k=0 k=0 k=0
k even k even k even k odd
n n
= 2 F— > F
k=0 k=0

k even k odd
n

= Y (-)FF

k=0

= X (Z)(—p)’%l —p
k=0
= (1-2p)".

The last equality is due to the binomial theorem. Thus

p(O10) = S[0-20)" +1]

p(110) = 1-p(0]0) = 5[t — (1 2p)"
Therefore, Cy, = hy(3[(1 — 2p)™ + 1]). For any p € (0,1), as n — oo, C;, — 0.

Problem 8.9:
The capacity of the Z channel can be calculated using elementary calculus. Let

_ P ifz=0
p(w)—{ 1—p ifz=1

Then

[ p+@-p)/2 ify=0
=LA

Thus

l+p 2 1-p 2 1+p
1 1 =

9 Og21+p+ 9 Ong—p By ( B

HY|X) = pHY|X=0+Q1-p)HY|X=1)=1-p.
S—— S———

=0 =1

H(Y) =

)

Now

I(X;¥) = H(Y) = H(Y|X) = hy(*+

) — (L -p).
To find the capacity, we maximize I(X;Y) w.r.t. p. To do this, we take the derivative and set it
to zero:

daIi(x;y) 1.,

_ 1+p
dp - 2hb(

2

)+1=0.

This implies that

(1+p)/2
This in turn implies that p = 3/5. Note that this is the maximum value of I(X;Y") instead of the
minimum because of the concavity of I(X;Y) w.r.t. p(z). Hence,

h“1+p%:b2[ﬂ—pﬂﬂ

C = hy(4/5) — 2/5 = logy 5 — 2 = 0.322 bits/channel use.



Problem 8.10:
Using the same arguments as in the direct part of the channel coding theorem:

Aave = Pr{B(Y) # i} = Pr{(X;,Y) ¢ A"} + f: Pr{(X;,Y) € A™}.

~~

*

j=1
it

#
The first part x — 0 as n — oco. Now
Pr{(X;,Y) € Agn)} < 2_”[I(X;Y)—3e]’

where I(X;Y) = hy(3/4) — 1/2 [uniform input distribution]. Thus # — 0 if R < Rues = 5(2 —
log, 3) = 0.311. Note that Ry,.; < C = 0.322.

Problem B:
(a)
0— byl — lmm)pam mm)pmn]

(b) @ is quasi-symmetric since it can be partitioned (along its columns) into two symmetric sub-
arrays. Thus p* = [1/2,1/2] is the optimal input distribution that achieves C. Also, every
row in @ is a permutation of every other row, so H(Y|X) = H(e,1 — 2¢,¢) = —2eloge — (1 —
2¢) log(1 — 2e¢).

So C = I(X, Y)|p* [1/2,1/2] Hence,

C= H(Y)|p*:[1/2,1/2] - H(Y|X)-

If X is distributed by [1/2,1/2], then Y is distributed by,

[ 2 if y € {0, 3}
p(y)—{ L1—¢) ifZE{l,Q}

So,

H(Y) = —clog (%) (- o (1 . e)
= 1+ m(e)

Thus, C =1+ hy(e) + 2elog(e) + (1 — 2¢) log(1 — 2¢) bits/channel use.

(¢) HX,)Y) = HX)+ H(Y|X) = 1— 2€loge — (1 — 2¢)log(1 — 2¢) bits. Also, H(X,Y) =
H(Y) + H(X|Y). Thus,

H(X|Y) = H(X,Y)— H(Y)

1 —2eloge — (1 —2¢)log(l — 2¢) — 1 — hy(e)

—2eloge — (1 — 2¢)log(1l — 2¢) + eloge + (1 + €) log(1 —¢)
= —eloge— (1 —2¢)log(1—2¢)+ (1 —¢€)log(l —e).



Problem C:

(a) The DMC is described by: Y = 3X + (—1)* Z, where X = {0,1}, Pr{Z =0} = Pr{Z =1} =
Pr{Z =2} =¢,and X 1 Z. Clearly, Y = {0,1,2,3} and

Q=) = |Pr{z=Y=

(b) The channel is quasi-symmetric, since () can be partitioned along its columns into two sym-

metric subarrays:
€ 1— 3¢ € €
[ 1—3e € ] , and l € € ] )

Therefore, the uniform input distribution (Pr{X = 0} = Pr{X = 1} = 1/2) achieves
capacity, and

C = max I(X;Y)
H(Y)‘P'I‘{X:O}ZI/Q - H(C, €61 — 36)
= H(Y)|pr{x—o0j=1/2 + 3elogy(€) + (1 — 3¢) logy (1 — 3e).

Under the (maximizing) uniform input distribution, the output distribution becomes:

1 1 1
PT{Y:O}:PT{Y:?’}:§€+§(1—36) =576
and
PT{Yzl}ZPT{Y:2}:€_

Thus,

1 1

H(Y) = —26[092(6) —2 (5 — 6) 10g2 (5 _ 6) .

So,

C = elogs(€) — 2 (% - 6) log, (% - 6) + (1 — 3€)logy(1 — 3e)  bits/channel use.

(c) Ife=1/4, then

C = (1/4) log,(1/4) — 2(1/4) log(1/4) + (1/4) log,(1/4) = 0.

Thus, zero bits/channel use can be reliably sent over the channel. In other words, no reliable
transmission is possible. (Note that when € = 1/4, the noise is uniformly distributed; so the
noise entropy is maximum and the channel becomes totally random).

Please let me know if you see a mistake in this solution.



