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Abstract

An exact analytical representation has been obtained for electron eigenstates in the full isotropic 8-band Kane model
and applied to calculate the depopulation rate of the lower lasing state in the active region of a type-II intersubband cas-
cade laser. We show that interband tunneling rate takes its maximum value when the depopulated states belong to the
upper of the coupled electron- and hole-like subbands in the “leaky window” of the broken-gap InAs=GaSb heterostructure.
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1. Introduction

Recently, mid-infrared interband quantum cascade lasers (QCL) based on type-II semiconductor heterostruc-
tures [1] were demonstrated with output optical characteristics at �≈3:5 �m [2,3] comparable to the best of
type-I QCL [4]. For long-wavelength applications beyond 5 �m the intersubband cascade design, success-
fully implemented in InGaAs=InAlAs QCL [5], is especially promising. The intersubband lasing scheme can
be realized also in GaSb-based type-II cascade heterostructures [6], where the main advantage over type-I
heterostructures is the more eAective depopulation of the lower lasing subband owing to the high rate of
interband tunneling process through the “leaky window” (overlap of the InAs conduction and GaSb valence
bands) [7,8]. The theory of the interband tunneling in type-II heterostructures must include accurately the
band-mixing eAect, since the electron states of both conduction and valence bands of the constituent semicon-
ductors participate in the tunneling process on equal footing. Direct numerical solution of the matrix multiband
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SchrGodinger equation, most commonly employed for this task [9], is numerically costly and cannot provide a
clear physical picture of the process. For symmetrical leaky quantum wells, an illustrative analytical approach
to the interband tunneling was developed earlier in the framework of a simpliHed two-band model [10]. In
the current work, we show that even for asymmetrical type-II cascade structures an analytical description
of the interband tunneling process in the framework of the full isotropic eight-band Kane model is quite
possible, which is especially valuable for application to laser design. We obtain exact solutions for both
“light” and “heavy” eigenstates in narrow-gap semiconductor energy spectrum. As an application of our
approach, we consider the depopulation of the lowest lasing level in a model three-layer InAs=GaSb=InAs
heterostructure shown in Fig. 1. The utmost left inHnite barrier region models an AlSb layer, layers A and
B represent InAs=GaSb double-quantum-well active region, and the adjacent half-space of the InAs models
the collector=emittor region of a type-II cascade intersubband laser. The position � and the width � of the
quasibound states in the leaky window � are inferred from the peaks of the reJection coeKcient phase
derivative with respect to energy. Our calculations conHrm that heavy resonant states, neglected in previous
approaches, do not participate noticeably in the interband tunneling process. We show that the rate of the
interband tunneling through the light quasiparticle states takes its maximum value when the depopulated states
in the laser active region belong to the upper of the coupled electron- and light-hole-like subbands in the
leaky window of the type-II heterostructure.

2. The model

An accurate model of the interband tunneling in narrow-gap type-II heterostructures should be based on a
multiband description of the electron dynamics explicitly taking into account all the states participating in the
tunneling process. In what follows, we shall use the full 8-band Kane model in the representation given by
four Kramers-conjugate pairs of coupled spin {�; 	} and orbital {S; X; Y; Z} basis states:

{u�
n} =

{(
S�

S	

)
;
1√
6

(
2Z�− (X + iY )	

2Z	 + (X − iY )�

)
;
1√
3

(
Z�+ (X + iY )	

Z	 − (X − iY )�

)
;
1√
2

(
(X + iY )�

(X − iY )	

)}
;

n=0; 1; 2; 3; �= ± 1: (1)

2.1. The Hamiltonian

Assuming isotropic energy spectra in the bulk constituent semiconductors, we can write the 8-band Kane
Hamiltonian in the form,

Ĥ =EgB̂1 + �
Ĵ · �̂ − 1

3
B̂3 + P̂ · p+ �1p2B̂1 − �3p2B̂3 − 1

2
�2(p · Ĵ)(p · (Ĵ + �̂)): (2)

Here p= − i∇ is the momentum operator, and we employ the unit system with ˜=1. Symbols with hats
represent square 8×8 matrices. The matrices B̂1 and B̂3 are diagonal unit matrices in the scalar (n=0) and the
vector (n=1; 2; 3) subspaces, expressing the intraband nature of related operators, while the nondiagonal ma-
trix operator P̂ corresponds to the interband kp-mixing, characterized by Kane’s velocity, P=1=m0〈S|9=9z|Z〉.
Phenomenological coeKcients �i in the second-order terms can easily be related to the experimentally deter-
mined eAective masses (cf. the appendix).
The second term of the Hamiltonian, also denoted by Ĥ so, describes the spin–orbit splitting of the vector

subspace basis states by the amount � due to coupling between the microscopic angular momenta J=1
and 1

2�. In the vector subspace within the basis of coupled angular momenta (1) the matrix J · � becomes
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diagonal

J · �=



1 0 0

0 −2 0

0 0 1


 ���′ : (3)

Hence the operator Ĥ so has nonzero matrix elements only for n=2; in this case

(Hso)
(1)
22 = (Hso)

(−1)
22 = − �; (4)

assuming that the highest energy level in the valence band corresponds to the four-fold degenerate basis states
with n=1; 3.

The matrix structure of the last second-order term in Eq. (2) relates to the quasispin operator �̂= Ĵ+ 1
2 �̂.

This operator satisHes the usual commutation rule, �̂× �̂= i�̂, and guarantees the conservation of the eAective
angular momentum �̂+ L̂, deHned in the space of 8-component envelopes:

Ĥ ; (�̂+ L̂)�=0; L̂= r× p: (5)

Since the helicity of a free quasiparticle with momentum k; �̂=(k · �̂)=k, is a good quantum number, the
scalar invariant (p · �̂)2 is admissible in the Hamiltonian. In Eq. (2), we use the more convenient matrix form,
(p · �̂)2 − p2=4= (p · Ĵ)(p · (Ĵ+ �̂)), which is directly related to the projection operator onto the subspace of
heavy eigenstates

�̂h =
1
2

(
�̂2 − 1

4

)
=

1
2k2

(k · Ĵ)(k · (Ĵ + �̂)): (6)

This operator annuls the wave functions with helicity �=1=2 and, therefore, can be considered as a projection
operator onto the subspace of two-fold degenerate (Sp �̂h = 2) heavy eigenstates, characterized by the helicity
�=3=2 and the dispersion

Eh(k)= 1
2Sp(�̂hĤ)= − (�2 + �3)k2: (7)

2.2. The eigenfunctions

The projection operator �h facilitates obtaining an analytical expression for the heavy eigenstates

�h = �̂h

(
1

V

)
=

(
0

Vh

)
Vh0; Vh ˙ V − [(k · V)k − i(k · �)k × V]=k2: (8)

In the latter relation, the expression of the vector multiplication operation through the matrices J of angular
momentum 1 is used, k×V= − i(k ·J)V, in analogy with the Majorana representation of Maxwell’s equations
[11]. Vh0 is a normalizing spinor, which includes also the spatial dependence Vh0˙ exp(ikr). In the basis of
the coupled angular momenta, the corresponding representation is

�h =
1
2k2




3
2k

2
‖ 0 − i

√
3

2
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0 0 0

i
√
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2
(k‖ · �‖)"y(k · � + kz"z) 0 1

2 (k
2 + 3k2z )


 ; (9)
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Vh˙�h




1

0

0


 ˙




√
3k2‖

0

i(k‖ · �‖)"y(k · � + kz"z)


 ; k2‖ = k2x + k2y: (10)

For light eigenstates the vector part of the wave function, Vl, is determined by the interband coupling term
P̂ · p in the Hamiltonian and thus should be linear in quasiparticle wave vector k. In Kane’s model, both
independent Hermitian operators, p and p×�, exhibit the transformation properties of a polar vector, therefore,
Vl should be sought as a linear combination of the column k and the column q= � × k= − i(� · J)k:

�l =

(
1

Vl

)
Vl0; Vl = iP(a+ b(� · J))k: (11)

Substituting (11) into the SchrGodinger equation, Ĥ�l =E�l, and making use of the relation �̂h�l ≡ 0, we
easily obtain the coeKcients of the linear combination:

a=
Ẽ + 2

3�

Ẽ(Ẽ + �)
; b=

1
3�

Ẽ(Ẽ + �)
; Ẽ=E + �3k2: (12)

Vector column Vl takes an especially simple form in the coupled momenta basis due to the diagonal repre-
sentation of the spin–orbit coupling (3):

Vl =




1

Ẽ
0 0

0
1

Ẽ + �
0

0 0
1

Ẽ


 iPk���′ ; k=




(2kz + iqz)=
√
6

(kz − iqz)=
√
3

(−qz"y)=
√
2


 : (13)

The dispersion relation for the corresponding light bands can be obtained in a similar fashion to Eq. (7) and
it is of third-order in k2

det{(1− �̂h)(Ĥ − E)}=(Eg + �1k2 − E) + P2k2
Ẽ + 2

3�

Ẽ(Ẽ + �)
= 0: (14)

Thus, in the eight-band Kane model there are three diAerent types of light eigenstates (cf. Eq. (11)). Usually,
we have �1; �3�P2=Eg, and only two functions, �l1 and �l2, are physically relevant. These functions describe,
respectively, the conduction=light-hole and the spin–orbit split-oA bands.
Next, we can signiHcantly simplify the problem by taking into account the reJection symmetry in the plane

formed by the unit vector nz normal to the interfaces and the two-dimensional wave vector K chosen along
the x-axis. This transformation can be represented as a product of the inversion, Î , and the rotation by ) about
the y-axis. In the basis (1) it corresponds to the matrix

!̂xz =exp(i)+̂y)Î =(B̂1 + B̂3)⊗ i"y: (15)

We choose the normalizing spinors Vl0 and Vh0 as eigenstates of the operator "y:

"yV0 =!V0; (16)
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thus introducing in our model the parity of the state, != ± 1. 1 Solutions (10) and (13) then reduce to

Vh =




√
3K

0

−(2kz + i!K)


 ; Vl = iP




(2kz − i!K)=
√
6Ẽ

(kz + i!K)=
√
3(Ẽ + �)

K=
√
2Ẽ


 : (17)

2.3. Boundary conditions

At the heterointerface, we impose boundary conditions [12] that generalize the usual EFA approach:

 nA =Fn nB;  ′
nA =Gn ′

nB: (18)

Matching parameters Fn and Gn are related to the Hamiltonian parameters of the constituent semiconductors
due to the current continuity across the interface. In bulk semiconductors the current density satisHes the
continuity equation

div j= − 9�+�
9t = i(�+Ĥ� − (Ĥ�)+�): (19)

In model (2) this equation is satisHed by the expression

j = �+P̂� + (�1B̂1 − �3B̂3)(�+p� + h:c:)

− 1
2
�2

[(
�+

(
Ĵ(p · Ĵ) + �̂(p · Ĵ) + Ĵ(p · �̂)

2

)
� + h:c:

)]
(20)

with the z-component represented in basis (1) as

jz = −iP[ ∗
0 (
√

2
3 1 +

√
1
3 2)− c:c:]− i�1( ∗

0  
′
0 − c:c:) + i�3( ∗

1  
′
1 +  ∗

2  
′
2 − c:c:)

+ i(�2 + �3)( ∗
3  

′
3 − c:c:)−

√
3
2 �2[ ∗

3 (px − i"xpy) 1 + c:c:]: (21)

For an arbitrary mesoscopic state �, all of the wave function components  n can be treated independently,
so the continuity of the z-component of the current, jzA = jzB, entails the following relationship between the
matching parameters Fn; Gn and the Hamiltonian parameters:

F0F1 =F0F2 =
PB

PA
; F1F3 =

�2B
�2A

; (22a)

F0G0 =
�1B
�1A

; F1G1 =F2G2 =
�3B
�3A

; F3G3 =
(�2 + �3)B
(�2 + �3)A

: (22b)

3. Dispersion equation for a “leaky” double quantum well

Analytical expression (17) for the eigenstates of the 8-band Kane model is the key to further analysis of
the energy spectrum in type-II laser heterostructures. As a next approximation, we can use the limit of large
spin–orbit splitting of the valence band, ��E, which is a hallmark of the narrow-gap semiconductors InAs

1 The parity ! correlates also with the sign of the state polarization in y-direction because of the commutativity of corresponding
operators, [+̂y; !̂xz]− =0.
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and GaSb. In this limit, an arbitrary mesoscopic state is represented in each layer by a superposition of smooth
wave packets of only one light and one heavy solution (17), where the components with n=2 can be omitted

�≈�l +�h =




 0

 1

 3


 : (23)

The matching conditions are signiHcantly simpliHed also. For the eAective wave function derivatives at the
interface, we can write schematically, dropping the index z,

(kh�h + kl�l)A ˙G(kh�h + kl�l)B: (24)

In the InAs layers, where the energy of the state signiHcantly exceeds the valence band maximum, we have
|kh|�kl. Assuming all terms in Eq. (24) to be of the same order of magnitude, the heavy component of the
eAective wave function (23) in material A is estimated as

�A
h ˙

kAl
kAh

�A
l ��A

l : (25)

On these grounds, small amplitudes �h in both A-layers (InAs) can be neglected, so that the boundary
conditions for the smooth part of the eAective wave function are represented only by the relations (22a).
In the Jat-band approximation, the wave function of an electron state in each layer is a superposition of

partial solutions with opposite kz: �±
l;h =U±

l;h�l;h(±kz). In the left half-space (barrier region) the light solution
is purely evanescent with dominant component  l1� l0;  l3, hence at the boundary  0 =  3 = 0. In the right
half-space layer of InAs we assume the amplitude of the incoming wave U+

l = 0, so that only the outgoing
wave �−

l is present there. After some notorious but straightforward algebra the boundary condition problem
results in the following dispersion equation:

D(�) = sin(klAdA) sin(klBdB) sin(khBdB)
{(

k2hB +
1
4
K2
)

×
[
k2lB +

1
4
K2 − 5

(
5�1�2 + (�1 + �2)klB cot klBdB +

1
4
K2(2− 5) +

!K
2

5(1− 5)(�1 − �2)
)]

+
3
4
K2
(
1− 5̃

)[
2klBkhB

1− cos klBdB cos khBdB

sin klBdB sin khBdB
− 5khB cot khBdB(�1 + �2)− !K

2
5(�1 − �2)

]

+
3
16

K4(1− 5̃)[2(1− 5) + 3(1− 5̃)]
}

=0: (26)

Here,

�1 = klA cot klAdA; �2 = − iklA; 5=
EB

EAF2
1
; 5̃=

EB

EA

�2A
�2B

;

k2lA;B + K2 =EA;B(EA;B − EGA;B)= 23P
2
A;B; k2hB + K2 = − EB=(�2 + �3)B: (27)

The energy E in each layer is referenced to the top of the valence band, so that

EA =EGA + �=EB + EGA + �;

where � is the energy of the level in the leaky window � counted from the InAs conduction band minimum.
In the equations above, EGA and EGB refer to energy gaps of the constituent semiconductors. It is interesting
that only one boundary condition set, (22a), determines the dispersion equation. The second set of boundary
conditions, (22b), would come into play if the valence band discontinuity were not so large, so that |khA| ≈khB
and the heavy states were fully engaged in the tunneling process. In this situation, we would have to use the
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matching condition for derivatives (24) to determine the amplitudes �h in the A-layers. In the heterostructure
under study, the B-type heavy states of the GaSb quantum well still participate in the process, but only
because of the “light”–“heavy” mixing at the InAs=GaSb interface occurring at Hnal K due to the Hnal values
of the third component of Vl and the Hrst component of Vh in Eq. (17).

4. Results and discussion

The dispersion equation (26) contains complete information about energy levels and subband dispersions
in both electron- and hole-like subbands in the model type-II heterostructure shown in Fig. 1. Terms with !
describe spin splitting of the subbands induced by the spin–orbital interaction in an asymmetric system. The
imaginary term �2 corresponds to the outgoing electron wave in the right half-space layer of InAs. This makes
the energy eigenvalues E complex with imaginary part −i�=2 representing the Hnal lifetime of the quasibound
electron energy levels. For the lower lasing state EA in the left InAs quantum well A this corresponds to
interband tunneling through the adjacent hole quantum well B (GaSb layer).
For the electron states close to the subband bottoms, some valuable information can be obtained analytically.

At K =0, the heavy particle states are completely decoupled from the light states and the dispersion equation
for the latter reveals a very simple form convenient for further analytical treatment

sin kAdA sin kBdB = 50 [cos kAdA cos kBdB − i(50 cos kAdA sin kBdB + sin kAdA cos kBdB)] (28)

where

50 = 5
kA
kB

and index l is omitted for simplicity. To estimate the level widths, �A;B, we can use the limiting case of a
parabolic spectrum: k2A = 2mA�, k2B = 2mB(�− �), ��EGA;B. This entails

520 =
F2
0

F2
1

�(�− �)
EGAEGB

�1: (29)

Fig. 1. Schematic band diagram of a “leaky” double quantum well heterostructure.
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In this approximation the dispersion equation (28) can easily be split into real and imaginary parts and,
assuming �˙ 50, we arrive at the relations

tan kAdA tan kBdB
∼= 50; (30)

� ∼= 250
dA
√

mA=2� tan kBdB= tan kAdA − dB
√

mB=2(�− �)
: (31)

For the lowest electron-like level localized mainly in the InAs quantum well, one has kA˙ )
/
dA , and

tan kAdA˙ 50�1, whereas for the upper hole-like light level in the GaSb layer, we likewise have kB˙ )
/
dB ,

and tan kBdB˙ 50. As a result, from Eq. (31) we obtain the estimations

�A≈4�
)
520 cot

2 kBdB; �B ≈ 4(�− �)
)

50: (32)

When A- and B-type levels anticross, the level widths, �A;B, should be equal, because the electron state is
equally distributed between both coupled quantum wells. Beyond the anticrossing, the quasibound A-states are
substantially narrower than the B-states, �A˙ 520��B˙ 50, since the depopulation of an A-level via interband
tunneling requires two interfaces to penetrate. We can trace this situation by accurate numerical solution of
the dispersion equation (28). The results are presented in Fig. 2, which shows the position and width of the

Fig. 2. Position (a) and energy width (b) of the lowest electron and the highest light-hole energy levels at K =0 as a function of the InAs
quantum well width dA. The width of GaSb quantum well is dB = 10 nm. Other parameters used are: �=150 meV, EInAs

G = 400 meV,
EGaSb
G = 800 meV, F1 = 1.
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Fig. 3. Derivative of the phase of the reJection coeKcient with respect to energy as a function of the energy � in the leaky window �.
The curves are normalized to the highest L-type peak and labeled with the full peak width at half maximum �. Each subplot is labeled
with the GaSb layer width dB in nanometers. The width of the InAs quantum well is dA = 10 nm.

energy levels �A;B as a function of the InAs quantum well width, dA. The energy level widths coincide at
the anticrossing point where the depopulation rate, �A, for the lower lasing state in the intersubband design
scheme is readily the highest.
At arbitrary K , the positions and the widths of the quasibound states in the leaky window � can be inferred

from the peaks of the reJection coeKcient phase derivative with respect to energy [13]. Restoring the amplitude
of the incoming wave, U−

l , in the right half-space layer of InAs, we obtain the reJection coeKcient in the
form

R(�)=
(

U+
l

U−
l

)
=

D∗(�)
D(�)

: (33)

Since there is no propagating wave in the left barrier region, the latter relation readily follows also from the
time-reversal symmetry of the reJection process. In the vicinity of a resonant state the reJection coeKcient
will undergo ) phase shift with the peak of the phase derivative with respect to energy having Lorentzian
shape. The value of the full peak width at half maximum represents the inverse lifetime � of the quasibound
state.
Figs. 3a–d, labeled with the GaSb quantum well width dB in nm, show the evolution of the resonant states in

the energy range 0¡�¡� as dB increases. The InAs layer width is kept constant, dA =12 nm. Three narrow
peaks, H1, H2 and H3, with �=0:12; 0:15 and 0:01 meV, respectively, correspond to heavy quasibound
states, which appear only for nonzero values of the 2D wave vector K . In Fig. 3a we take K =0:025 nm−1,
for all other subplots K =0. Peak LA1 with �=2:7 meV corresponds to the lowest electron-like subband
localized mostly in InAs quantum well A. Peak LB1 with �=10:7 meV corresponds to the highest light-hole
subband of GaSb quantum well B. It is seen readily that narrow heavy quasibound states do not participate
noticeably in the interband tunneling depopulation process, which is associated primarily with the decay of
light quasibound states, either electron-like, LA, or hole-like, LB. When the A- and B-type levels anticross, the
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decay rates of the light states become comparable since the electron density spreads equally over both coupled
quantum wells. In Fig. 3b peaks L1+ and L1− represent symmetrical and antisymmetrical combinations of
A- and B-levels under anticrossing condition. This anticrossing broadening can be traced also in the case of
anticrossing between LA1 and the next hole-like level LB2 (see Fig. 3d, peaks L2±). Beyond the anticrossing,
in accord with our estimation (32), the quasibound A-type levels are substantially narrower than the B-type
levels (see Figs. 3a and c). Fig. 3d demonstrates also the narrowing of the B-levels when they are verging
the leaky window edges. This eAect can be accounted for by the mismatch in the Bloch structure of the
light A- and B-type solutions and agrees well with our approximate analytical expressions for �A;B (32).
Both this approximate expression and results of exact calculations presented in Fig. 3 show that the level
alignment of the Fig. 3b gives the highest tunneling depopulation rate. It is important also that, for a GaSb
well width of dB =10 nm (Fig. 3b), the anticrossing gap is E(L1−) − E(L1+)=28 meV, which is smaller
than the optical phonon energy in InAs, 30 meV. In this case the interband tunneling from the level L1−
can be complemented with the eKcient optical-phonon=plasmon assisted resonant depopulation process [14,15]
through the lower-lying level L1+, thus allowing further increase of the inverse population ratio between the
lasing levels LA2 and L1−. Consideration of these processes, however, is beyond the scope of this work and
will become subject of our next study.

5. Conclusions

Complex energy eigenvalues of the quasibound electron states in the leaky window of a broken-gap
InAs=GaSb heterostructure are analyzed using an exact analytical solution obtained for both the “light” and the
“heavy” eigenstates in the framework of the full 8-band Kane model. The position and eAective width of the
quasibound states are detected from the abrupt variations of the reJection coeKcient phase. We demonstrate
that this approach enables simple numerical analysis of the depopulation process of the lower lasing states
in the active region of intersubband type-II cascade semiconductor laser. Interband tunneling provides a high
depopulation rate and is mostly determined by light quasiparticle states in the leaky window. We show that
this process can be signiHcantly enhanced and beneHts from anticrossing between the lowest electron-like and
the highest light-hole-like levels in coupled InAs and GaSb quantum wells.
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Appendix

For small k, relations (7) and (14) give the expressions for the electron, light- and heavy hole eAective
masses, which can be used to relate the phenomenological parameters �i with the experimentally determined
quantities mc, mlh, and mhh:

�1 =
1

2mc
− P2(EG + 2

3�)
EG(EG + �)

; �3 =
1

2mlh
− 2

3
P2

EG
; �2 + �3 =

1
2mhh

:

These equations can also be used to relate the parameters �2 and �3 with the Luttinger parameters �1L and
T�L, which describe the light- and heavy-hole masses in the spherical approximation:

�1L − 2 T�L =
m0

mhh
; �1L + 2 T�L =

m0

mlh
:
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