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We study by photoluminescence the spatial distribution of minority carriers (holes) arising from their
anomalous photon-assisted diffusion upon photo-excitation at an edge of n-InP slab for temperatures
ranging from 300 K to 78 K. Giant enhancement in the spread of holes — over distances exceeding
1 cm from the excitation edge — is seen at lower temperatures. We show that the experiment provides a
realization of the “Lévy flight” random walk of holes, in which the Lévy distribution index γ is controlled
by the temperature. The variation γ (T ) is close to that predicted earlier, γ = 1−Δ/kT , where Δ(T ) is the
Urbach tailing parameter of the absorption spectra. This theoretical prediction is based on the assumption
of a quasi-equilibrium intrinsic emission spectrum in the form due to van Roosbroeck and Shockley.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

Among various stochastic processes, random walk of the Lévy-
flight type has gained importance in diverse fields, including hy-
drodynamics [1], biology [2], financial markets [3], earth sciences
[4], etc. It has also found applications to transport of photons,
mediated by multiple absorption–reemission processes, in atomic
vapors [5] and in astrophysics [6]. In all formerly studied cases,
the microscopic ingredient of the anomalous diffusive behavior, the
single step distribution (SSD), was hard to access experimentally
(with the only exception of hot vapors [5]). Experimental control
of the SSD is at best prohibitively difficult, cf. the ingenious artifi-
cial media constructed for optical observation of Lévy flight [7].

Lack of control and the experimental uncertainty in the SSD
impedes unambiguous interpretation of the data collected with a
limited dynamic range, so that the obtained parameters become
questionable [8] and even the conclusions subject to overturning
[9]. Due to its non-local nature, the Lévy-flight dynamics depends
in a nontrivial manner on the boundary conditions [10], on the
SSD truncation [11], as well as on the dimensionality of the sys-
tem [12]. These effects, critically sensitive to the SSD, have been
actively studied but mostly theoretically until now. An easily re-
producible model system with controlled SSD would render these
subtle effects available for experimental studies.

Here we present a simple experimental system exhibiting Lévy
flight with the power-law distribution index controlled in a wide
range by the ambient temperature. The system itself was recently
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discovered [13] in studying photon-assisted transport of minority
carriers in semiconductors (photo-excited holes in n-type InP).

In the normal transport process, the stationary distribution of
minority carriers produced by optical excitation in semiconductors
decays exponentially from the excitation area and is character-
ized by a micron-scale diffusion length l. However, in moderately-
doped direct-gap semiconductors with high radiative efficiency, the
minority-carrier transport is strongly modified by the “photon re-
cycling” process (repeated radiative recombination and reabsorp-
tion of emerging photons). The distribution of steps in this photon-
mediated random walk of minority carriers is defined by the pho-
ton reabsorption probability [13] and the single-step probability
distribution P(x) can be calculated from the interband absorption
and radiative recombination spectra, which gives [14,15]

P(x) = γ xγ
min

(xmin + |x|)1+γ
, (1)

where γ is referred to as the distribution index and xmin
(≈ 0.1 μm) is a parameter determined by the absorption coefficient
at high energies, far from the band edge. The SSD (1) asymptot-
ically obeys the power law [14] P(x) ∼ 1/x1+γ that results from
the anomalously large reabsorption length at the red edge of the
spectra in the Urbach-tail region.

The distribution (1) turns out to be “heavy-tailed,” γ � 1
[13–15]. Therefore, the diffusivity [conventionally defined through
the second moment of P(x)] diverges and the random walk is gov-
erned by rare but large steps. This kind of transport is known as
the Lévy flight [16–18].

The resultant power-law stationary spatial distribution is “trun-
cated” by the loss of photons in the free-carrier absorption
(FCA) and further modified by the loss of minority carriers in
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Fig. 1. (Color online.) Edge excitation geometry: laser beam is focused on a narrow
strip an the edge side of the sample, while the luminescence is captured from the
broadside to project the image on a CCD camera.

non-radiative recombination. In n-doped InP the room-temperature
FCA coefficient is αFCA [cm−1] ≈ 1.3 × 10−18 ND [cm−3] and de-
creases further at lower temperatures [19,20]. Thus, for moderately
doped samples this mechanism of loss is ineffective. The relative
rates of recombination are characterized by the radiative efficiency
η = τnr/(τnr + τrad) (where τ−1

rad and τ−1
nr are, respectively, the ra-

diative and non-radiative recombination rates). The average num-
ber of steps is given by the recycling factor Φ = η/(1 − η), which
is typically Φ � 1.

In the earlier study [13], we directly observed the power-law
decay of the hole concentration, characteristic of a Lévy flight,
as a function of the distance from the excitation — up to sev-
eral millimeters — for differently doped samples at 300 K. Here
we demonstrate that the index γ of the Lévy distribution can
be controlled by varying the temperature. The decrease of γ at
lower T produces further enhancement in the hole spread, reach-
ing centimeter-scale distances.

2. Experiment

The temperature-dependent luminescence was studied in the
edge excitation geometry illustrated in Fig. 1 (see also [13]), using
n-InP slab [21] of size 20 mm by 7 mm and thickness d = 350 μm,
corresponding to x, y, and z directions, respectively. The mod-
erate doping level ND = 3 × 1017 cm−3 gives optimum radiative
efficiency at room temperature [15]. A 808 nm laser beam was fo-
cused on the 7 mm edge by a cylindrical lens producing a uniform
excitation along the edge. The excitation energy E = 1.53 eV was
well above InP bandgap (E g ≈ 1.35 eV) and generated holes only
in a submicron layer near the edge. We registered the intensity and
spectra of luminescence emitted from the broadside as a function
of the distance x from the photo-excited edge.

The edge-excited photoluminescence spectrum for T = 296 K,
recorded at x = 1 mm, is shown in Fig. 2. Also shown is the lu-
minescence spectrum, observed from the broadside in reflection
geometry [15,14]. We note that, compared to the reflection spec-
trum, the edge-excitation spectrum is noticeably shifted to the red
side, indicating substantial filtering [13].

It is important to note that the luminescence spectra retain
identical shape in the whole range x. This observation remains
valid for all temperatures studied.

The absorption spectrum α(E) of the sample is shown in Fig. 2
by the dash-dotted line. In the whole range of temperatures stud-
ied, the red wing of α(E) exhibits an exponential Urbach behavior
[19],

αi(E) = α0 exp

[
E − E g

Δ(T )

]
, E < E g (2)

extending down to α(E) ≈ αFCA. At E � E g , the Urbach exponent
saturates. Note that — in contrast to the intrinsic emission spec-
Fig. 2. (Color online.) Luminescence spectra of n-doped InP sample. Photo-
luminescence spectra (1) for edge excitation and front-side observation; experimen-
tal data (circles) are practically indistinguishable from the calculation (dashed line)
that allows for spectral filtering. Reflection luminescence spectra from the front side
is shown by the solid line (2). The van Roosbroek–Shockley intrinsic emission spec-
trum, Eq. (3) is shown by the dashed line (3). The dash-dotted line (4) corresponds
to the absorption coefficient.

trum — the luminescence spectra observed with the edge excita-
tion are fully in the Urbach tail region of α(E).

Assuming a quasi-equilibrium energy distribution of holes,
the intrinsic emission spectrum is given by the well-known van
Roosbroek–Shockley (VRS) relation [22],

SVRS(E) ∼ αi(E)E3 exp

(
− E

kT

)
. (3)

The VRS spectrum is also shown in Fig. 2. It has a maximum
above E g . Owing to the rapid energy relaxation of holes, the intrin-
sic emission spectrum in n-InP is well described by Eq. (3), both
at room and lower temperatures, with a noticeable deviation in
shape only at T � 78 K. The observed red-shifted spectrum S(E)

is shaped by reabsorption of luminescence on its way out of the
sample, S(E) = SVRS × F (E), where F (E) is the spectral filtering
function F (E) = F1(E)T (E) that depends on the hole distribution
p(z) across the wafer and is affected by reflections from the sam-
ple surfaces. The one-pass filtering function F1(E) is given by [14,
15]

F1(E) =
d∫

0

p(z)exp
[−α(E)z

]
dz. (4)

The factor T (E) = [1 − R exp(−α(E)d)]−1 accounts for the multi-
ple surface reflections; R ≈ 0.33. Note that due to the high index
contrast the radiation escape cone is narrow, i.e. the outgoing ra-
diation propagates close to the normal direction to the surface.
Effects of multiple reflections are noticeable only in the far red
wing of the spectrum. For the edge excitation, the hole distribution
across the sample is nearly homogeneous. Therefore, the typical
radiation escape distance in this geometry is much larger and pro-
duces considerably larger red shift of the spectrum than for the
reflection geometry, where holes are generated near the surface.
The filtered spectra, calculated using the VRS relation, are shown
in Fig. 2 by the dashed line (1), demonstrating excellent agreement
with the experiment [23,24].

The luminescence intensity distributions I(x) were obtained by
scanning the CCD image along a line parallel to x (some details
can be found in [13]). The proportionality p(x) ∝ I(x) is supported
by the good agreement between the calculated and observed lumi-
nescence spectra for edge excitation.
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Fig. 3. (Color online.) Distribution of the luminescence intensity I(x) and the hole
concentration p(x) ∝ I(x) for different temperatures T . Dashed lines correspond to
the power-law (1) fitting with an index γ . The inset shows the same distributions
in log–log scale.

The resulting distributions for temperatures ranging from 300 K
to 78 K are shown in Fig. 3. One can see a huge enhancement
of the hole spread that extends over 1 cm at temperatures below
200 K.

The power law p(x) ∼ 1/x1+γ is clearly observed for all temper-
atures at distances x > 0.5 mm. This is best seen on the log–log
scale in the inset of Fig. 3. The power law is in clear contrast
to an exponential decay p(x) ∼ exp(−x/l) expected for a normal
diffusion of holes, even accounting for any photon-assisted en-
hancement of the diffusion length l.

3. Discussion

The observed hole distribution p(x) for all temperatures follows
the calculated distribution for the Lévy flight random walk gov-
erned by the single-step probability (1) evaluated as the photon
reabsorption probability [13,15]; it is fully determined by the ab-
sorption and the emission spectra. At large distances (x � α−1

0 , l)
a tangible contribution to P(x) results only from the exponentially
varying Urbach part of the absorption spectra. This region also cor-
respond to the exponentially decaying red wing of the intrinsic
emission spectrum. Assuming the intrinsic spectrum in the VRS
form, we find [14,15] an analytic expression for index γ of the
single-step distribution

γVRS = 1 − Δ

kT
. (5)

Detailed calculations of the emission intensity (which is propor-
tional to the hole concentration) have been extensively discussed
in [6,25,26,15]. An analytic expression for the hole distribution
p(x) can be derived [27] in the so-called “longest flight” approxi-
mation [6,28,27] and is of the form

p(x) = cxγ
f

x1+γ [1 + (x f /x)γ ]2
, (6)

where c is a normalization constant. Distribution (6) provides a
good approximation to the exact solution in the entire range of x.
Asymptotically (at x � x f ) it reproduces the single-step probability
(1), exhibiting a power-law decay with index γ . At short distances,
Fig. 4. (Color online.) Temperature dependence of the parameters of Lévy distribu-
tion. Index γ shown by squares is estimated from the long-distance asymptotics of
the measured p(x); also shown (triangles) are the theoretical values (5). The exci-
tation front distance x f is estimated from maximum curvature in the log–log plots
of Fig. 3. Lines are guides to the eye.

x � x f , it gives a weaker decay, p(x) ∝ xγ −1, in agreement with
the exact solution [13,27]. The distance x f gives an estimate of
the spread of the excitation “front” of p(x) — beyond which the
holes appear predominantly in one step. The transition between
the short- and long-distance asymptotics is clearly seen for all T in
the inset to Fig. 3, with x f being the point of maximum curvature
in the log–log plots.

We have estimated γ through the slope of log–log variation at
far distances and also x f via the position of maximum curvature
of p(x). The temperature variation of obtained values of γ and x f

is shown in Fig. 4. Also shown are theoretical values of the index
γVRS calculated (5) by assuming the intrinsic emission spectrum in
the VRS form (3). We see that the estimation of γ through the
Urbach tailing parameter gives a good agreement with experiment.

Position of the excitation front can also be estimated [13,15,14]
through the recycling factor, viz. x f = x0Φ

1/γ , where x0 ≈ 0.2 μm,
is the length scaling parameter of P(x). The observed huge in-
crease of the excitation front distances, x f � x0 up to the mm-
range at low temperatures is another hallmark of Lévy flight, which
cannot be attributed to any other mechanism of hole transport.
We note however, that for Φ ≈ 100 and observed γ (T ) one should
expect even higher increase of x f . Therefore, our experiments sug-
gest a decreasing recycling factor at lower T . Apparently, the well-
known increase of the radiative recombination rate at low T is
accompanied by an even faster growth rate of non-radiative recom-
bination, as found for several recombination models with vanishing
activation barrier [29–31].

From a practical perspective, the anomalous transport of mi-
nority carriers should be important in all semiconductor devices
with high radiative efficiency, in particular in light-emission and
photo-voltaic devices [15]. However, details of the transport and
the temperature effects depend on the absorption spectrum in the
tailing region and are not universal, e.g. often deviate from the Ur-
bach shape. Thus, some semiconductors feature Gaussian tails [32].
We have calculated the index γ for Gaussian tails and found it to
increase with decreasing temperature, remaining within a narrow
range (0.85 < γ < 1.05) close to unity for a wide temperature vari-
ation. Such semiconductors may serve as an experimental model
for studying the transition from Lévy flight (γ < 1) to Lévy walk
(1 < γ < 2). To our knowledge, this transition has been considered
only as a notional possibility [18].
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From a broader perspective, the photon-mediated transport of
holes in high-radiative-efficiency n-InP, owing to its well-controlled
and variable SSD index, represents a powerful experimental model
for studying subtle effects associated with the Lévy flight. In all
previously studied Lévy flight systems, the SSD index was not con-
trollable and certainly not continuously variable. Coupled with the
usually limited dynamic range, this made it difficult to distinguish
between the inevitable effects of SSD truncation (e.g. due to a fi-
nite size of the system), effects of the boundaries and still more
complex effects of multi-dimensionality. These subtle effects are
now open to systematic investigation.

4. Conclusions

We studied the stationary hole distribution p(x) produced by
photo-excitation at an edge of n-InP slab and observed by broad-
sided luminescence at temperatures ranging from 300 K to 78 K.
We discovered a giant increase of the hole spread in the sam-
ple over distances x exceeding 1 cm from the photo-excited edge.
A power-law decline of the luminescence intensity characteristic
of Lévy flight kinetics is observed with no change in the spec-
tral shape. Our experiment provides a realization of the Lévy flight
of holes, in which the Lévy distribution index γ is controlled by
the temperature and can be continuously lowered from γ ≈ 0.7 to
γ � 0.3 in a regular and well-understood manner. Such a control
has never been available for formerly studied Lévy processes.
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