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Introduction

wouldstatesThesegas.electron2DaforstateslocalizedofsetcompleteaintroduceshallWe
intensity.appropriateoffieldmagneticnormalainstationarybe

coordinate2DtheofcomponentstwoarevariablesdynamicalElectron’s r̂ twoand
momentumtheofcomponents p̂ −= ih_ ∇ :

x̂ , p̂x [where, x̂ , p̂x] = i h_ (1.1)

ŷ , p̂y [where, ŷ , p̂y] = i h_ (1.2)

fieldmagneticatocorrespondingoperators,momentumcanonicaltheForm B:

π̂ ≡ p̂ −
c

eÂ____ (1.3),

where Â = A (x̂ , ŷ potential:vectorais)

×∇ A = B (vector, B thealongis z (1.4)axis)

orbit):cyclotronclassicaltheof(centercoordinatesLarmortheintroduceNext,

ξ̂x = x̂ +
h_
l 2
___ π̂y (1.5)

ξ̂y = ŷ −
h_
l 2
___ π̂x (1.6)

Definitions:

l 2 ≡
eB
h_c___ =

mω
h_____ , l = A81.13 ˚ (1.7)

=ω
mc
eB___ = 2.625 × 1013 ,sec/rad

2π
ω___ = 4.178 × 1012 (1.8)Hz

h_ =ω 2.768 × 10− 14 erg = (1.9)meV17.28

2π l 2
1_____ =

hc
eB___ = 2.418 × 1011 cm−2 =

Φ0

B___ , Φ0 ≡
e

hc___ = 4.136 × 10 − 7 Gauss.cm2 (1.10)

assumenumberscharacteristicaboveThe B = T10 = 105 andGauss m = 0.067 m 0 (GaAs).

relations:Commutation

[π̂x , π̂y] = i h_2 l/ 2 = i h_ωm (1.11)

[ξ̂x , ξ̂y] −= i l 2 (1.12)

[π̂x , ξ̂x] = [π̂y , ξ̂x] = [π̂x , ξ̂y] = [π̂y , ξ̂y] = (1.13)0

Note:

definingrelationscommutationsametheobtaincouldWe

π̂x
′ = p̂x +

c
e__ Ây (1.14)

π̂y
′ = p̂y −

c
e__ Âx (1.15)

choosingand Â fieldlongitudinalaas ∇ . Â = B , ×∇ Â = ofExpressions.0 ξ̂x and ξ̂y oftermsin π̂x
′ and π̂y

′ theare
oftermsinabovethoseassame π̂x and π̂y (course,Of. π̂x

′ , π̂y
′ aevennotisItmomentum.canonicalalongernois)

(isneither[butvector ξ̂x , ξ̂y)]
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operatorsdestructionandCreation .

Define:

â =
l √2

1____ 
 ξ̂y + i ξ̂x


 ξ̂y =

√2
l____ 

 â† + â 


(2.1a)

â† =
l √2

1____ 
 ξ̂y − i ξ̂x


 ξ̂x =

√2
i l____ 

 â† − â 


b̂ =
h_ √2

l_____ 
 π̂x + i π̂y


 π̂x =

l √2
h______ 

 b̂† + b̂ 


(2.1b)

b̂† =
h_ √2

l_____ 
 π̂x − i π̂y


 π̂y =

l √2
i h______ 

 b̂† − b̂ 


relationsCommutation :

[â , â†] = 1 = [b̂ , b̂† (2.2)]

[â , b̂] = [â , b̂†] = [â† , b̂] = [â† , b̂†] = 0

operatorsNumber :

â†â =
2l 2
1____ 

 ξ̂x
2

ξ+ ˆ
y
2 

 −
2
1__ ≡ m̂ ,2,1,0(eigenvalues ... (2.3a))

b̂†b̂ =
2h_2
l 2
____ 

 π̂x
2

π+ ˆ y
2 

 −
2
1__ ≡ n̂ ,2,1,0(eigenvalues ... (2.3b))

theBecause â theand’s b̂ hermiteantheofeigenvaluesthebystatesspecifycanwecommute,’s
operators n̂ and m̂ statesofsetorthonormalcompleteafindweway,thisIn.  nm>.

leveleachofDegeneracy n numberquantumthetorespectwith m 1is /(2πl 2 Conversely,).
leveleachofdegeneracy m numberquantumthetorespectwith n is l 2 /(2πh_2).

operatornumberlevelLandauThe n̂ radiusLarmortheofquantizationdescribes ρ̂L
2

:

ρ̂L
2

≡ (v̂x
2

+ v̂y
2
)/ω2 =

h_2
l 4
___ 

π̂x
2

π+ ˆ y
2
 = 2l 2 (n̂ + 1⁄2) . (2.4)

hand,othertheOn m̂ orbitLarmortheofquantizationdescribes center ρ̂0
2

:

ρ̂0
2

ξ≡ ˆ
x
2

ξ+ ˆ
y
2

= 2l 2 (m̂ + 1⁄2) . (2.5)

operatorsnumberThe n̂ and m̂ operator,momentumangulartherepresenttousedbecan

L̂z ≡ [r̂ × p̂]z = [r̂ π× ˆ] z +
c
e__ [r̂ × Â] z (2.6)

gaugesymmetrictheIn A =
2
1__ B × r expression:explicitfollowingthetoreducesthis

h_
2l 2
____ L̂z ρ= ˆ 0

2
ρ− ˆ L

2
(2.7)

☛ L̂z = h_ (m̂ − n̂) . (2.8)
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statesCoherent

complex(arbitraryoperatorsdestructiontheofeigenstatesnormalizedDefine ν and µ):

â  n µ > µ= n µ > ☛  n µ > = e − 1⁄2 µ 2

m = 0
Σ
∞

√m !
µm

_____  mn > (3.1a)

b̂ ν m > νν= m > ☛ ν m > = e − 1⁄2 ν 2

n = 0
Σ
∞

√n !
νn

_____  mn > (3.1b)

States  n µ > theincompleteare n (subspaceth n spaceHilberttheoflevel)Landau-th H that
bydenoteshallwe M n ⊂ H statesSimilarly,. ν m > theincompleteare m subspaceth N m ⊂ H .

11).p.(seeovercompletevastlyarestatesofsetsthesefact,In

givenaIn M n states,  n µ > states(ditto ν m > givenain N m statescoherentusualtheare)
spacesindividualAllGlauber.bydiscussed M n and N m theofbecauseisomorphicare

ofpropertiesalgebraicidentical â and’s b̂ correspondencetheestablishes(this’s M ←→ N and)
subspacesallbecause M n indexdifferentof n (ditto N m indexdifferentof m related:are)

√n  n µ > = b̂†  (n − 1) µ > ☛  n µ > =
√n !

(b̂†)n
_____  0 µ > (3.2a)

√m ν m > = â† ν (m − 1) > ☛ ν m > =
√m !

(â†)m
______ ν 0 > (3.2b)

toneednotmaywesubspaces,isomorphictheofanywithinstayingareweaslongsoThus,
instatescoherentdenotetosymbolssametheuseandvarynotdoesthatindexthespecify

either M n or N m words,otherIn. α > eitherforstandmay  n α > or α m > .

productScalar :

< αβ > = e
−

2
1___ 

 α 2 β+ 2 
 αβ+ *

= e
−

2
1___ 

 β−α 2 
 + (Imi αβ*)

(3.3)

< ν2 µ2 ν 1 µ1 > = e
−

2
1___ 

 ν 1  2 ν+ 2  2 µ+ 1  2 µ+ 2  2 
 eµ1 µ2

∗ ν+ 1 ν2
∗

(3.4)

(ImphaseThe αβ* equalsmagnitudeitsmeaning:geometricsimpleahasproductscalartheof)
vectorsbyspannedparallelogramtheofareathe α and β theofthatisphasetheofsignThe.

betweenangletheofsine α and β fromcounted α theofareatheIfdirection.clockwisethein
ofmultipleaisparallelogram π overlapthethen < αβ > aonproductsscalarallThus,real.is

real.are5)p.(seelatticeNeumann

Averages.________ subspaceeveryinholdrelationsfollowingThe M n :

< ξµ ˆ
x µ > = < µ x̂ µ > = l √ (Im2 µ (3.5x))

< ξµ ˆ
y µ > = < µ ŷ µ > = l √ (Re2 µ (3.5y))

thatfactThe x̂ and ξ̂x thatfactthefromfollowsvalueexpectationsamethehave < π̂ > = 0
samethewithin M n Moreover,. < n 1 µ1 π ˆ  n 2µ2 > = for0 n 1 and n 2 (andparitysametheof

arbitrary µ1 and µ2 ).

Dispersions:___________ product,uncertaintytheminimizestatesCoherent ∆ξx
. ∆ξy = 1⁄2 l 2 .

< ξµ ˆ
x
2

µ > = 2l 2 (Im[ µ ]) 2 + 1⁄2 l 2 = < ξµ ˆ
x µ >2 + 1⁄2 l 2 (3.6x)

< ξµ ˆ
y
2

µ > = 2l 2 (Re[ µ ]) 2 + 1⁄2 l 2 = < ξµ ˆ
y µ >2 + 1⁄2 l 2 (3.6y)

∆ξx ≡ < (ξ̂x − < ξ̂x > )2 >1/2 =
√2
l____ = < (ξ̂y − < ξ̂y > )2 >1/2 ≡ ∆ξy (3.6xy)
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Displacement:

subspacestheinactingoperatorsdisplacementthedistinguishshallWe M and N :

D̂ M (µ)  0 > = 0 µ > ☛ D̂ M (µ) = e µ â† µ− a* ˆ (4.1M )

D̂ N (ν)  0 > ν= 0 > ☛ D̂ N (ν) = e ν b̂† ν− b* ˆ
(4.1N )

The "vacuum" ket  0 > ≡ 00 > bydefineduniquelyis b̂  0 > = and0 â  0 > = ketaSuch.0
7.p.see(7.6),functionwavethebygivenisitrepresentationcoordinatetheinexists;

Since D̂ M withcommutes b̂† and D̂ N with â† ondependnotdoesoperatorstheseofformthe,
(indexthe n or m subspaceparticulartheof) M n or N m haveweMoreover,.

D̂ N (ν) D̂ M (µ)  0 > µν= > = e − 1⁄2 ( µ 2 ν+ 2)

m, n = 0
Σ
∞

√m !
µm

_____
√n !

νn
_____  mn > (4.2)

Operators D̂ unitary:are

D̂ − 1 (α) = D̂ † (α) = D̂ ( α− (4.3))

bringtoallowswhichidentityHausdorffthebyprovidedisconveniencegreatA D̂ ainto
form:orderednormally

D̂ (α) = e α â† α− a* ˆ = e − 1⁄2 α 2
e α â†

e α− a* ˆ (4.4)

thatfactThe D̂ commutationthefromfollowsplanecomplextheindisplacementseffects
[relation â , â†] = identityoperatortheand1

(exp P̂) Q̂ (exp − P̂) = Q̂ + [P̂ , Q̂] +
2!
1___ [P̂ [, P̂ , Q̂ ]] + ... (4.5),

term:secondtheafterterminatesseriesthecaseourInoperators.ofpairanyforvalid

D̂ − 1 (β) â D̂ (β) = â β+ D̂ − 1 (β) â† D̂ (β) = â† β+ * (4.6)

☛ â 
D̂ − 1 (β) α >

 = ( β−α ) 
D̂ − 1 (β) α >

 (4.7)

thatimplies(4.7)Equation D̂ − 1 (β) α > ketasinterpretedbecan  ( β−α ) > usetheHowever,.
displacementsof D̂ (αj + 1 α− j complextheinroutesdifferentviaketsametheatarriveto)

plane, α1 α→ 2 → ... α→ functionwavetheofphasedifferentagenerally,produce,will,
ketrepresenting α > thethatisthisforreasonThe. D̂ commute.notdogeneralinoperators

form:theofislawmultiplicationTheir

D̂ (α) D̂ (β) = e (Imi αβ*) D̂ ( β+α ) ☛ D̂ (α) β > = e (Imi αβ*) β+α > (4.8)

The "standard" vacuumthedisplacingbyobtainedis(3.1)][Eqs.statescoherenttheofphase
(4.1).Eqs.inasket,

operatorsdisplacementunitaryThe D̂ thesethatNotegroup.Weylthecalledgroup,aform
vectorsbyspannedparallelogramtheifonlyandifcommuteoperators α and β multipleais

of π group.WeyltheofsubgroupAbelianangenerates5)(p.latticeNeumannAny.

eitherforvalidarerelationshipsfollowingThe ξ̂ ξ= ˆ
x or ξ̂ ξ= ˆ

y eitherand π̂ π= ˆx or π̂ π= ˆy :

D̂M
− 1

(µ) ξ̂ D̂ M (µ) ξ= ˆ + < ξµ ˆ µ > , D̂N
− 1

(ν) π̂ D̂ N (ν) π= ˆ + < πν ˆ ν > (4.10)

sinceAlso, D̂ M withcommutes π̂x and π̂y havewe,

D̂M
− 1

(µ) r̂ D̂ M (µ) = r̂ + < µ r̂ µ > (4.11)
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latticeNeumann

planecomplextheinstatescoherentofarrayperiodicais(NL)latticeNeumannThe
particularanyto(corresponding M n or N m areacellunitthewith) ____________________ equal π theFor. M n case,

coordinatesthein x
_

, y
_

(where x
_

= l √ Im2 α and y
_

= l √ Re2 α arbitraryofcrystal2DaisNLthe)
2equalareacellunitthewithsymmetry πl 2 perstateonetocorrespondsdensitypeculiarThis.

ofoutbuiltstate,coherentconventionaltheForarea.quantumfluxsingle x̂ and p̂ operators,
inareacellunitthei.e.cell,Planckperstate1tocorrespondsNLtheinstatesofdensitythe

2equalsspacephasethe π h_ . setcompleteaformlatticeNeumannaofstatesThe as11),p.(see
[PerelomovbyprovenandNeumannvonbystatedfirstwas Phys.Math.Theor. 6 (1971)].156,

Examples:

latticeSquare____________

α nm π√= ( m + i n ,) m , n = ,0 ± ,1 ± ,2 ... (5.1)

productscalartheConsider < αm1 n1 α m2 n2 > first:algebralittleA.

α m1 n1 α− m2 n2  2 π= (M 2 + N 2 (5.2))

αm1 n1
∗ αm2 n2 π= ([ m 1m 2 + n 1n 2) + (i m 1n 2 − m 2n 1 (5.3)])

where M ≡ m 1 − m 2 and N ≡ n 1 − n 2 haveweWhence.

< αm1 n1 α m2 n2 > = (−)m 1 n 2 − m 2 n 1 e
−

2
π___ 

 M 2 + N 2 
 (5.4)

latticeHexagonal_______________

α nm = m ω(1) + n ω(2) , m , n = ,0 ± ,1 ± ,2 ... (5.5)

where

ω(1) =


 √3

2π____




1/2

and ω(2) =


 √3

2π____




1/2

ei π/3 (5.6)

equalsareacellunitThe ω (1) ω (2)  (sin π/3) π= find:weabove,asProceeding.

α m1 n1 α− m2 n2  2 = (2π/ √ ()3 M 2 + N 2 + MN (5.7))

(Im αm1 n1
∗ αm2 n2) π= (m 1n 2 − m 2n 1 (5.8))

< αm1 n1 α m2 n2 > = (−)m 1 n 2 − m 2 n 1 e
−

√3
π____ 

 M 2 + N 2 + MN 


(5.9)

latticeGeneral____________

α nm = m ω(1) + n ω(2) , m , n = ,0 ± ,1 ± ,2 ... (5.10)

where ω(1) and ω(2) [Imsatisfyingnumbers,complexarbitraryare ω(1)∗ω(2) ] ≡ S cellunit π= :

α m1 n1 α− m2 n2  2 = M 2 ω (1)  2 + N 2 ω (2)  2 + 2 MN Re 
ω(1)∗ω(2)

 (5.11)

(Im αm1 n1
∗ αm2 n2) = S cellunit (m 1n 2 − m 2n 1 (5.12))

< αm1 n1 α m2 n2 > = (−)m 1 n 2 − m 2 n 1 α m1 n1 α− m2 n2  (5.13)
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representationCoordinate :

thebetweencorrespondenceone-oneconvenientaestablishusletFirst xy theandplane
planecomplex z interest.ofoperatorstheforexpressionexplicitandownputand

r→ = (x , y) z =
√2 l

x + i y_______ (6.1)

∇
→

= (∂x , ∂y)
∂z*
∂____ =

√2
l (∂x + i ∂y)__________ (6.2)



 ∂z

∂___




†

−=
∂z*
∂____

∂z
∂___ =

√2
l (∂x − i ∂y)__________ (6.3)

A
→

= (Ax , Ay) A =
√2 Bl

Ax + i Ay_________ (6.4)

A
→

=
2
B__ (− y , x) A =

2
i z___ (6.5)

havewedefinitionstheseWith

∂z
∂A____ =

2 B
1____ 

 ∇
→.A

→
+ i ∇

→
× A

→
 (6.6)

(gaugeCoulombictheIn ∇
→.A

→
= havewe)0 ∂ /A ∂z = i/ whence2

☛ A =
2
i z___ + A0

∗ (6.7)

where A0
∗ = [A 0 (z)]∗ offunctionanalyticarbitraryanis z* theexpressesfunctionThis.

gauge,symmetricThegauge.Coulombictheinfreedomgaugeremaining A
→

= 1⁄2 [ B
→

× r→]
tocorresponds A 0 = .0

p→ −= ih_ ∇
→

px + i py −=
l

i h_ √2_____
∂z*
∂____ (6.8)

p→ † = p→ px − i py −=
l

i h_ √2_____
∂z
∂___ (6.9)

π→ = p→ −
c
e__ A

→

h_ √2
l (π̂x + i π̂y)___________ −= i

∂z*
∂____ − A (6.10)

theforexpressionsGauge-independent â and b̂ follows:asareoperators

â = i z* − b̂† b̂ −= i
∂z*
∂____ − A (6.11)

â† −= i z − b̂ b̂† −= i
∂z
∂___ − A∗ (6.12)
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representationCoordinate continued:,

gauge,symmetrictheIn A = i /z havewe,2

â =
2

i z*____ + i
∂z
∂___ b̂ −=

2
i z___ − i

∂z*
∂____

(7.1)

â† −=
2
i z___ + i

∂z*
∂____ b̂† =

2
i z*____ − i

∂z
∂___

â†â =
4
z*z____ −

∂z*
∂____

∂z
∂___ −

2
1__ −

2
z*___

∂z*
∂____ +

2
z__

∂z
∂___ (7.2a)

b̂†b̂ =
4
z*z____ −

∂z*
∂____

∂z
∂___ −

2
1__ −

2
z__

∂z
∂___ +

2
z*___

∂z*
∂____ (7.2b)

h_
1__ L̂z = (â†â − b̂†b̂) = z

∂z
∂___ − z*

∂z*
∂____ (7.3)

statevacuumThe .________________ ketthatsaymightEuropeansSome  00 > therepresents " stateloo " Its.
representationcoordinate < r  00 > ψ≡ 00 (r equations:twoofsystemthefromfoundis)

< z  â  00 > =


 2

i z*____ + i
∂z
∂___





ψ 00 (z) = (7.4a)0

ψ 00 (z) = e − 1⁄2  z  2
✌

< z  b̂  00 > =




−
2
i z___ − i

∂z*
∂____





ψ 00 (z) = (7.4b)0

Normalizing ψ 00 bydefinedproduct,scalartheunder

<1  2> ≡ ∫ ψ1
∗ (r) ψ2 (r d) 2 r = 2l 2 ∫ ∫ ψ1

∗ ψ2 (Red z (Imd) z (7.5))

usingand ∫ (exp − x 2 + y 2 d) x d y π= obtainwe,

ψ 00 =
l √2π

1_____ exp




−
2

 z  2
______





=
l √2π

1_____ exp




−
4l 2

x 2 + y 2
_______





(7.6)

2Daofstategroundtheforbewoulditas2than(ratherexponentthein4offactortheNote
inuncertaintythethatmeansThisoscillator).harmonic x and y is √ thethanlargertimes2

lengthcyclotron l States. < x , y  0 µ > degeneratetheinpossiblestateslocalizedmosttheare
fieldmagneticainlevelLandauground B can(7.6)ofexponentthein2offactorextraThe.

(theradiusLarmortheinmotionzero-pointthefromresultingasinterpretedbe b̂ toadded’s)
(thecenterorbitLarmortheofmotionzero-pointthe â’s).

findweoperators,displacementofcombinationappropriateanwith(7.6)onActing
asketssuchofrepresentations µν > Since. â† ψ 00 −= i z ψ 00 and b̂† ψ 00 = i z* ψ 00 havewe,

ψ0 µ (z) = D̂ M (µ) ψ 00 = e − 1⁄2 µ 2
e µ â† ψ 00 = (2π l 2) − 1/2 e − 1⁄2 µ 2

e − 1⁄2  z  2
e − i µ z (7.7)

ψν 0 (z) = D̂ N (ν) ψ 00 = e − 1⁄2 ν 2
e ν b̂† ψ 00 = (2π l 2) − 1/2 e − 1⁄2 ν 2

e − 1⁄2  z  2
e i ν z* (7.8)

ψ µν (z) = D̂ N (ν) D̂ M (µ) ψ 00 = (2π l 2) − 1/2 e − 1⁄2 ( ν 2 µ+ 2) νµ− e − 1⁄2  z  2
e i ν z* − i µ z (7.9)



2DEGofstatescoherentonNotes 1983Luryi,S.-8-

representationCoordinate continued:,

representation.Bargmann-like_________________________

theredefiningbyeasiersomewhatmadebecan(7.7-9)Eqs.inthoseassuchOperations
(exponactiontheirofresultthedefinitiontheintoabsorbtoassooperators − 1⁄2  z  2 :)

Ô e − 1⁄2  z  2
f = e − 1⁄2  z  2

Ôf f (8.1)

operatorarbitraryanrepresentcanweway,thisIn Ô operatortheby

Ôf = e
1⁄2  z  2

Ô e − 1⁄2  z  2
(8.2)

example:For


 ∂z

∂___


f

=
∂z
∂___ −

2
z*___



 ∂z*

∂____


f

=
∂z*
∂____ −

2
z__ (8.3)

ketarbitraryanAccordingly,  > functionthebyrepresentedis

f (z) √= 2π l e
1⁄2  z  2

< z  > (8.4)

Thus, f 00 = representation.Bargmannwell-knownthetoequivalent,notbutsimilar,isThis.1
eithertoisomorphicspaceHilbertthefordefinedusuallyislatterThe M or N theand

function f eitherinanalyticis z or z* thegeneralinbecausedifferentiscasepresentThe.
function f (z instatearepresenting) H = N × M intofactoredbeitcannoranalyticneitheris

offunctionsanalyticofproducta z* and z respectively.,

are:spaceBargmanntheinoperatorsselectedforexpressionsExplicit

âf = i
∂z
∂___ b̂f −= i

∂z*
∂____ (8.5a)

â f
†

−= i z + i
∂z*
∂____ b̂ f

†
= i z* − i

∂z
∂___ (8.5b)

D̂ M f (µ) = e − 1⁄2 µ 2 − i µ z e
i µ

∂z*
∂____ − i µ*

∂z
∂___

(8.6 M )

D̂ N f (ν) = e − 1⁄2 ν 2 + i ν z* e
i ν*

∂z*
∂____ − i ν

∂z
∂___

(8.6 N )

offunctionanyonActing z and z* operator, D̂ M f (µ displaces) z → z − i µ* and z* → z* + i µ .
ofOperation D̂ N f (ν displaces) z → z − i ν and z* → z* + i ν* .

(7.9):Eq.derivingbyoperationofeaseacquirednewlytheillustrateusLet

f 0 µ (z) = D̂ M f (µ) f 00 = e − 1⁄2 µ 2 − i µ z (8.7 M )

f ν 0 (z) = D̂ N f (ν) f 00 = e − 1⁄2 ν 2 + i ν z* (8.7 N )

f µν (z) = D̂ N f (ν) f 0 µ = e − 1⁄2 ( µ 2 ν+ 2) e νµ− e i ν z* − i µ z (8.8)

usedhavecouldwecourse,Of D̂ M f and D̂ N f find:we(3.2),Eq.usingNext,order.anyin

fn µ =
n !

(i z* µ− )n
_________ f 0 µ f ν m =

m !
(− i z ν− )m
__________ f ν 0 (8.9)

(iexpfactortheexpandingAlso, ν z* νµ− havewe(3.1),Eq.usingand(8.8)Eq.in)

f µν (z) = e − 1⁄2 ν 2

n
Σ √n !

νn
_____ fn µ = e − 1⁄2 µ 2

m
Σ √m !

µm
_____ f ν m (8.10)
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representationCoordinate continued:,

product.scalarthewithConnection______________________________

functionwavethethatseewe(7.7),and(3.3)Eqs.Comparing ψ0 µ (z thetoproportionalis)
statescoherentofproductscalar

√2πl 2 ψ0 µ (z) = < (iz*) µ > = < (i µ∗)  z > . (9.1)

findwe(7.8),and(3.3)comparingSimilarly,

√2πl 2 ψν 0 (z) = < z  (i ν) > = < ν (iz) > . (9.2)

functionwavetherepresents(9.1-2)Eqs.ofsideleft-handthethatemphasizeusLet not thein
" representationcoherent-state " theinbutroundabout,beobviouslywouldwhich, coordinate

notation!DiracthetotwistnewagivesThisrepresentation.

cigar!nobutClose(7.9).and(3.4)Eqs.betweenconnectionanalogousnobetoseemsThere

inspection.Close______________ ketgiveswhich(7.9),Eq.examineusLet µν > coordinatethein
closely:morerepresentation,

√2πl 2 ψ µν (z) =e − 1⁄2 ( ν 2 µ+ 2) νµ− e − 1⁄2  z  2
e i ν z* − i µ z

√2πl 2 ψν1ν2 µ1µ2
(z) = e − 1⁄2 [ z 1 − (µ2 ν− 2 ]) 2

e − 1⁄2 [ z 2 − (µ1 ν+ 1 ]) 2

e [i z 1 (ν1 µ− 1) + z 2 (ν2 µ+ 2) − (µ1 ν2 ν+ 1 µ2 ]) (9.3)

√2πl 2 ψx νy ν x µy µ
(x, y) = e

−
4 l 2

1____ 
 [ x − (x µ + x ν ]) 2 + [ y − (y µ + y ν ]) 2 


e 2 l 2

i____ 
 (x µ − x ν) y − (y µ − y ν) x + (x ν y µ − x µ y ν) 



where z ≡ z 1 + i z 2 =
l √2

x + i y_______ x ≡ l √ (Re2 z) y ≡ l √ (Im2 z (9.4);)

and

µ≡µ 1 + i µ2 =
l √2

y µ + i x µ_________ x µ ≡ l √ (Im2 µ) y µ ≡ l √ (Re2 µ (9.5,) µ)

ν≡ν 1 + i ν2 =
l √2

y ν − i x ν_________ x ν −≡ l √ (Im2 ν) y ν ≡ l √ (Re2 ν (9.5.) ν)

coordinateswithpointtheatcenteredispacketwavethethatseeWe

( x
_

, y
_

) = ( x µ + x ν , y µ + y ν (9.6))

either(9.3)Eq.inlettingbycourse,Of =µ or0 =ν (9.1-2).and(7.7-8)Eqs.recoverwe0

functionwavewavefunctionconjugatethethatshows(9.3)Equation ψ µν
∗ thetocorresponds

replacement

x ν , x µ ←→ x µ , x ν . (9.7)

(8.8):Eq.or(7.9)Eq.fromalreadyseenbecanthiscourse,Of

ψ µν
∗ ψ= µ* ν* . (9.8)

inindexfirstthebecausenote,ofworthyisThis ψ µν electronaveragethewithdotohas
energykinetic <n̂> ν= 2 affectnotdoesindexsecondthewhereas, <n̂> (since D̂ M

withcommutes n̂).



2DEGofstatescoherentonNotes 1983Luryi,S.-10-

packetswavecoherent-statetheofMotion :

field.magneticainpacketwaveCoherent___________________________________ fieldmagneticconstantaIn B freeaofHamiltonianthe
formtheofiselectron

Ĥ 0 =
2m
1____





p̂ −
c

eÂ____




2

= h_ω (b̂†b̂ + 1⁄2) . (10.1)

givemotionofequationHeisenberg’s

∂t
∂â___ =

i h_
[ â , Ĥ 0 ]________ = (10.2a),0

∂t
∂b̂___ =

i h_
[ b̂ , Ĥ 0 ]________ −= i ω b̂ . (10.2b)

SchrothetoTransforming .. havewerepresentation,dinger

µ (t) µ= 0 = (10.3motiontheofconstant µ)

ν (t) = e − i ωt ν0 (10.3, ν)

Larmortheofanalogquantumaindispersionwithoutmovespacketthethatmeanswhich
radiusofcircleaorbit: ν l √ (coordinateswithcentertheabout2 x µ , y µ .)

fields.magneticandelectriccrossedinpacketwavecoherentaofMotion____________________________________________________________ fieldelectricanIn F parallel
ishamiltonianthe2DEG,theofplanetheto Ĥ = Ĥ 0 + V̂ termadditionalthewith V̂ theof

form:

V̂ = e r̂ . F −=
√2

i Fle_____ 
 â + b̂† 

 + (10.4)conj.herm.

where F ≡ Fx + i Fy become:nowequationsHeisenbergThe.

∂t
∂â___ =

√2 h_
Fle ∗

______ ;
∂t
∂b̂___ −=

√2 h_
Fle_____ − i ω b̂ . (10.5)

motioncycloidalaperformingpacketwavetheofcenterthetocorrespondssolutionThe

µ (t) µ= 0 +
√2 h_
Fle ∗

______ t (10.6; µ)

ν (t) = e − i ωtν0 +
√ i2 h_ω

Fle e( − i ωt − )1_______________ . (10.6ν)

is:this(9.5)coordinatestheIn

x µ (t) = x µ0
−

h_
le 2 Fy______ t , y µ (t) = y µ0

+
h_

le 2 Fx______ t (10.7µ)

x ν (t) = (cos ωt) x ν0
+ (sin ωt) y ν0

+
h_ω
le 2

____ 
 Fx (cos[ ωt) − ]1 + Fy (sin ωt) 

 ;

(10.7ν)

y ν (t) = (cos ωt) y ν0
− (sin ωt) x ν0

+
h_ω
le 2

____ 
 − Fx (sin ωt) + Fy (cos[ ωt) − ]1 

 .

fields.sametheinparticleclassicalaofthattoidenticaliscenterswavepacketofmotionThe
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Completeness:

statesCoherent  n µ > insetcompleteaform M n statessimilarly,and, ν m > completeaform
inset N m allowsetsovercompletetheseorthogonal,notarestatesmemberthethoughEven.

unity:ofresolutions

π − 1 ∫ d2 µ n µ <> µ n = P̂ (M n (11.1) M )

π − 1 ∫ d2 ν m ν <> ν m = P̂ (N m (11.1) N )

thewhere P̂ therepresenttheyonprojecttheysubspacethewithinoperators;projectionare’s
[Glauberbygivenbeenhas(1)Eqs.ofproofTheoperator.unit Rev.Phys. 131 (1963)].2766,

closureanalogousanconstructandargumentGlauber’sgeneralizetomattertrivialaisIt
inrelation H :

π − 2 ∫ d2µ d2 µνν <> =νµ Ĵ . (11.2H )

statesrepresentationBargmannthein(8.9),Eqs.fromseenAs  n µ > fixeda(for µ are)
binomials ∝ (z* + i µ)n powerof n states[respectively, ν m > fixedafor ν are ∝ (z − i ν)m ].

(operatorshermiteanofeigenstatesarestatesThese n̂ and m̂ areand2)p.cf.respectively,,
incompletetherefore N m and M n thesefromstatearbitraryanthatmeansThisrespectively.,

of(respectively,functionanalyticanbyrepresentedbecansubspaces z* and z analyticBut).
pointsofsequenceconvergentanyonvaluestheirofsetabydeterminedarefunctions

z1
∗ , z2

∗ , ... (respectively, z 1 , z 2 , ... thatstates,coherentofsubsetanythatprovesThis).
isplane,complextheinpointlimitawithnumberscomplexofsequenceatocorresponds
ofnumberfiniteanyofremovalovercomplete:course,ofis,Itsubspace.ownitsincomplete

point.limitaofexistencetheaffectnotdoeselements

thatsequencesinfiniteConsidering notdo shownhasPerelomovpoint,limitahave
[ Phys.Math.Theor. 6 Neumannthethandenseriswhichlatticeregularanythat(1971)]156,

areacellunitahas(i.e.,lattice S < π sparseriswhichthatwhileovercomplete,is5)p.cf.,
( S > π theorem:remarkableaprovedheitself,LatticeNeumannthetoAsincomplete.is)

TheoremPerelomov’s :__________________ Let ΓA α{= >} ainlatticeNeumannaformingstatescoherentofsetabe
subspace A incompleteissetThe. A becomesItstate.singleanyofremovaluponcompleteremainsand

states.twoanyofremovalonincomplete

case,ourIn α eitherforstands  n µ > fixeda(for n or) ν m > fixeda(for m and,)
respectively, A for M n or N m .

completenessthatstressedbeshouldIt notdoes relation.closureaofexistencetheentail
anticipatecouldoneNaively, – (11.1)toanalogyin – kindtheofrelationa

Γ∈α A

Σ α > I α < =α P̂ (A ) ☛ !Wrong (11.3)

measuresuchnothatshownbecanIt I α This(11.3).Eq.validatewouldthatfoundbecan
setconjugateaofexistencethefromfollows Γ̃A α{= ˜ >} tobi-orthogonal, ΓA 12).p.(see

writetoablebeshouldwe(11.3)assumingIndeed,

α > =
Γ∈µ A

Σ µ > I µ < αµ > (11.4)

☛ δ βα = < β̃ α > =
Γ∈µ A

Σ < β̃ µ > I µ < αµ > = I β < αβ > δ≠ βα ✌ (11.5)

ifonlyexistssetconjugateThecontradiction.atoleadsexists(11.3)thatassumptionThus, ΓA
is minimal The11.1).Eqs.toapplicablebenotwouldargumentsimilara(sosetcomplete

anallowtosetcompleteminimalaforconditionnecessarythethatshows(11.5)proof
thatisunityofexpansion statesorthogonalofconsistmustsetthe isconditionthiscourse,Of.

sufficient.also
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basesBi-orthogonal

Definition:_________ setA ΓA incompleteis A onprojectiontheif A alltoorthogonalstateanyof
ofmembers ΓA identically.vanishes

Definition:_________ setcompleteA ΓA is "minimal" anyofremovaltheuponincompletebecomesitif
assetssuchtorefershallWeset.theofmember bases.

basis.aisremovedstateonewithlatticeNeumannA

TheoremBari’s_____________ proof):theseennothaveIPerelomov,by(quoted

basisanyFor ΓA basisanotherexiststhere Γ̃A ifthatsuch α > , β > Γ∈ A and α ˜ > , β ˜ > Γ∈ ˜
A then

< α̃ β > = < β̃ α > δ= βα .

stateanyforthatobviousisittheoremBari’sGiven ψ > ∈ A writecanwe
ψ > = Σ α <> α̃ ψ > basesbi-orthogonalthatfollowsthenIt. allowdo theofexpansions

unity:

α
Σ α <> α̃ =

α
Σ α ˜ <> =α Ĵ . (12.1)

Matrices < α̃ β ˜ > and < βα > another:onetoinverseare

µ
Σ < α̃ µ ˜ <> βµ > δ= βα . (12.2)

constructtoablebetoimportantisitbasis,statecoherenttheinworkpracticaldotoorderIn
5).(p.latticeNeumanntheondefinedmatrixproductscalarthetoinversethe

beenhaselementsNLtheofwhichondependsbasisNeumann-latticetheofformexplicitThe
statearemoveweifthatseemsItout.thrown α 0 > (originthefromfar α 0  >> thethen)1

statesofshapeactual α ˜ > ondependnotshould α0 – aslongso α << α 0  thisDoes.
tocorrespondingbasis,NLainsample2Dfiniteainstatesdescribetoopportunityanoffer

boundaries?sampletheoutsidefarstateremoved

caution.greatwithbutyes,isanswertentativeMy

well-knowntheandtheoremPerelomovthebetweenconnectiondeepaexisttoseemsThere
surfacethecoveringfaithfullyatlasesofsetcontinuousaconstructtoimpossibleisitthatfact

sphere.aof overlapatlasestheset,continuousaInsystem.coordinatelocalawithpatchaisatlas(An
other.thetosystemonefromvectoraastransformcorrectlycoordinatestheregionoverlaptheinand
YangN.C.heardhaveIfact.topologicalaiswaythisinsphereacoveringofimpossibilityThe

physics.)incircumstancethisofimportanceprofoundtheonpreaching toconnectionThe
electrons2DofmotiontheofcorrespondenceexacttheofvirtueinarisestheoremPerelomov’s

fieldmagneticnormalain B radiusofsphereatoconfinedelectrons2Dofmotiontheand R
chargeofmonopoleacentertheatcontaining g = RB 2 reduces(Tamm)problemlatterThe.

sphereaonmotiontheto without monopolea – angulartheofvaluesallowedtheexcept
fromstartmomentum L = Lg ≡ /eg h_c thanrather L = thethat(Dirac)well-knownisIt.0

thatsoquantizedisexists,ifcharge,magnetic Lg shellstheofEachhalf-integer.orintegeris
L = Lg , Lg + ,1 ... (2finiteis L + spheretheofareaunitperdegeneracyitsbutdimensional1)

(2degeneracylevelLandauthewithcoincides πl 2) − 1 aconstructcouldweifthatseemsIt.
thenwouldwecovering),atlasanentailwould(whichsphereaonlatticestatecoherentsingle

outpunchedpointonewithsphereAlattice.Neumanntheonitmaptoablebe is coverable
theorem.Perelomov’sofstatementtheparalleltoseemsthisand


