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Abstract —

A simple circulatory structure of probability flux

for a two class Markovian priority queueing system is

found. This is the second instance of such a finding

for a non-product form network, leading to the possi-

bility that many non-product networks have a simple

decomposed flow structure. Results of this type may

lead to the development of new computational algo-

rithms for Markov chains.

I. Introduction

Markov chains have been a mathematically elegant means
of stochastic modeling for almost a century. It is well known
that for any Markov chain, the equilibrium state probabil-
ities can be computed by solving the associated set of lin-
ear global balance equations. Unfortunately numerical solu-
tion techniques for N state arbitrary Markov chains can in-
volve a computational complexity of O(N3), allowing arbi-
trary Markov chains of only modest size to be exactly solved.
However since the original work of Jackson in 1957 [1] it has
been known that certain classes of queueing networks have a
tractable analytical solution of the product form type. That
is, for this product form class of queueing networks any state
equilibrium probability is a product of system parameters and
a reference probability.

In 1984 Lazar and Robertazzi [3] showed that the circula-
tory structure of product form network Markov chains can be
decomposed into an aggregation of simpler (usually cyclic) cir-
culations. However product form networks are a limited form
of queueing networks. Other types of queueing networks, such
as that in [2] and here, have been known as non-product form
queueing networks.

II. Main Result

Software has been developed that verifies a simple and ex-
act flow structure for a two class priority queueing system.
The flow structure consists of smaller cycles of flow transiting
two transitions (as from (n1,n2) to (n1 + 1,n2) and back to
(n1,n2) in the figure) and larger rectangular flows (from (0,0)
to (n1,0) to (n1,n2) to (0,n2) and back to (0,0)). Flows may
be negative. We believe that this exact flow structure is not
unique for this queueing system.

This type of decomposition appears to be analogous to the
mesh equations of circuit theory. Circuit theorists tend to
prefer the use of nodal equations as their use often leads to a
smaller total number of equations. However queueing network
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Markov chains have more structure than arbitrtrary circuits
and so one can hope that this additional structure will lead
to the development of new and efficient computational algo-
rithms.

III. Conclusion

The fact that simple and exact decompositions have been
found for tandem queues with blocking [2] and a priority
queueing system makes it clear that such decompositions are
possible for a variety of non-product form queueing networks.
The open research question is whether this will lead to new
computational algorithms for Markov chain state equilibrium
probabilities (and hence performance measures).
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Figure 1: Markov chain flow
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